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We derive new asymptotic formulae for the norming constants of Sturm—
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formulae, by taking into account the smooth dependence of norming constants
on boundary conditions.
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1. Introduction and Statement of the Result. Let L(g,o,[) denote the
Sturm-Liouville problem

—yN‘H](x)y:IWaXG(OﬂT%HEC; (l'l)
y(0)cosax+y (0)sinax =0, o € (0, 7], (1.2)
y(m)cosB+y (x)sinfB =0, B €[0,7), (1.3)

where ¢ is a real-valued, summable function on [0, 7] (we write ¢ € L [0,7]). By
L(g,o,B) we also denote the self-adjoint operator, generated by the problem
(1.1)=(1.3) in Hilbert space L*[0,x] [1,2]. It is well-known that the spectra of
L(g,o,p) is discrete and consists of real, simple eigenvalues [1-3], which we de-
note by u, (¢,e,B),n=0,1,2..., emphasizing the dependence of u, on ¢, @ and .
For ,, is proved the following asymptotic formula [4]

Halg, 0 B) = [+ (et B)I*+

+;1z/0”61(t)dt+rn (9,0,B), (1.4)

where 9, is the solution of the equation
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cos X

VIt 8,(c.B)Psinta+ cosar

1
o (a,B) = —arceos

1 cosf3
—arccos (1.5)

VIn+ 8, (. B)sin?B + cos?p

and r,(q,a,B) = o(1), when n — oo, uniformly in o, € [0,7] and ¢ from any
bounded subset of L% [0,7] (we will write ¢ € BLL[0,x]). It follows from (1.5)
(see [4] for details), that

ctgf —ctga

5n(a,[3)—T+0(1/n2), a,B e (0,7), (1.5a)
5,,(7[,[3):;4—%—1-0(1/112):;-1—0(1/71), B e (0,7), (1.5b)
Sn(a,O):;—%—l—O(l/nz):;—l—O(l/n), ae(0,7), (1.5¢)
8, (m,0)=1. (1.5d)

Lety=¢@(x,u,a,q) and y = y(x, i, B, q) be the solutions of (1.1) with initial values
¢ (0,u,a,q)=sina, ¢’ (0,u,a,q) = —cosa,
l,l/(ﬂ:,,li,ﬁ,t]) = Sinﬁa W(”v#yﬁ#]) = —COSB.

The eigenvalues u, of L(q, o, ) are the solutions of the equation

D (u)=0o(m u,a,q)cosf+¢ (m,u,a,q)sinf =

= — [y (0,1, B,9)sina+y' (0,14, B,¢) cosa] =0.

d
It is easy to see that forarbitraryn=0,1,2,..., ¢, (x) éf(p(x,un (¢,a,B),a, q)

d
and y, (x) e v (x, Uy, (g,0,B),B,q) are eigenfunctions, corresponding to the eigen-

value U, (¢, o, B). The squares of the L?-norm of these eigenfunctions:

anlg.0.B) [Tlon e, (g, ) [l (0Pn

are called the norming constants.

The main result of this paper is the following theorem:

T heorem. For norming constants a, and b, the following asymptotic for-
mulae hold (when n — «):

(¢ 0.B) T _1 Lo 1] o+ mcos> o _1 Lo 1] (1.6)
an y Wy = 5 G S — s .
! 2| T\ 2nto (@B | \7)

[ ] 002 [ |
bn(q,oc,B):g 1+0<nlz> sin2/3+2[nf6nzaﬁﬁ)]2 1+0<nlz> . (17)
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where the estimates of the remainders are uniform in ¢, § € [0, 7] and ¢ € BLL[0, 7).

In this paper we will prove (1.6). The proof of (1.7) is very similar (see the
end of paper).

The dependence of norming constants on o and 3 (as far as we know) hasn’t
been investigated earlier. The dependence of spectral data (by spectral data here we
understand the set of eigenvalues and the set of norming constants) on o and f is
usually studied [1-9] in the following sense: the boundary conditions are separated
into four cases:

1) sina#0, sinf3 #0, ie. o,fp € (0,7);
2) sina =0, sinf #0, ie.a=m, € (0,m);
3) sina #0, sin3 =0, ie o€ (0,7), B =0;
4) sine =0, sinf3 =0, ie.a=mn =0,

and results are formulated separately for each case. For eigenvalues, formula (1.4)
generalizes and unites four different formulae that were known earlier in four men-
tioned cases [4].

For norming constants the following is known as far.

In the case sin o # 0 it is known for smooth ¢ that

an (Qa Ol, B) T < 1 )
T — 40| =. 1.8

sinor 2 n? (1.8)
For absolutely continuous g (we will write ¢ € AC[0,x]) the proof of (1.8) can be

X
found in [2]. In [10], under the condition ¢ (x) = (almost everywhere), where

F is a function of bounded variation (we will write F € BV [0, i), author asserts that

an(%a B) =

sinfa 2+oc,,, (19)

where the > sequence {a,},_ is characterized by the condition that the function

f (x = Z o, cosnx has a bounded variation on [0,7], i.e. f € BV [0,7].
n=0
In [9], for g € L3 [0, 7], it was proved that

ay (q’a’ﬁ) T K
= 1.10
sino 2 n ( )

where {K,}, € I? (ie. Z |Kn\ < oo). It is easy to see that our result (1.6) is

more general since it shows that (for sin @ # 0) the estimate (1.8) holds for arbitrary
q€L0,7).

It is also important to note that norming constants a, (g, ¢, ) are analytic func-
tions on o and f3. It easily follows from formulae (3.1), (3.2) and (3.4) below and
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from the result [4], that A, (¢, o, B) (A% (¢, o, B) = W (g, @, B)) depend analytically
on o and f3.

In the case sina = 0, sin 8 # 0 it is known for smooth ¢ (for ¢ € AC |0, 7] the
proof of (1.11) can be found in [2]), that

an(q,ﬂ,ﬁ)zm[l—l-O(;z)]. (1.11)

1 1
Since 6, (7, B) = 3 +0 <> (1.5b), it is easy to see that (1.11) follows from (1.6).
n

Besides, we see that (1.6) smoothly turn into (1.11) when o¢ — 7.
In the case sina = 0, sinf3 = 0 the following result can be found in [2] for

q €AC[0,x|:
T 1

We think that it is more correct to write this result in the form (note that

5, (m,0) = 1)
1+0<nlz>] (1.12)

to keep the beginning of the enumeration of eigenvalues and norming constants start
from 0, but not from 1, as is in [2].

It is easy to see that our result (1.6) covers all previous results (1.8)—(1.12)
and is more precise. Our proof of the Theorem is based on the detailed study of the
dependence of eigenfunctions ¢, and y,, on parameters o and 3. We will present it
in the Section 3. But first we need to prove some properties of solutions of Eq. (1.1).

2. Asymptotics of the Solutions. Let g € L. [0, 7], i.e. ¢ is a complex-valued,
summable function on [0, 7, and let us denote by y; (x,A), i = 1,2,3,4, the solutions
of the equation

T
an(q,m,0) = m

=" +q(x)y =A%, (2.1)
satisfying the initial conditions
1 (O,)L):l, yZ(O’A):Oa y3(”)l):1’ y4(7'l,',2,):0,

(2.2)
(0,4)=0, y(0,A)=1, y;(m,A)=0, y,(7,A)=1.

Let recall that by a solution of (2.1) (which is the same as (1.1)) we understand
the function y, s.t. y,y’ € AC[0, 7] and which satisfies (2.1) almost everywhere [1].

The solutions y; and y, (as well as the second pair y3 and y4) form a funda-
mental system of solutions of Eq. (1.1), i.e. any solution y of (1.1) can be represented
in the form

y(®) =y (0)y1(x,4) +¥(0)y2 (x,4) =y (m) y3 (x,4) +¥ () ya (x, ). (2.3)
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The existence and uniqueness of solutions y;, i =1,2,3,4 (under the
condition ¢ € L{[0,7]) were investigated in [1, 11-14]. The following lemma in
some sense extends the results of the mentioned papers related to asymptotics (when
|A| — o0) of solutions y;, i = 1,2,3,4.

Lemma. Let g € LL[0,7]. Then for solutions y;, i = 1,2,3,4, the following
representations hold (when [A| > 1)

1
y1(x,A) =cosAx+ 7 (x, ), (2.4)
sinAx 1
2 (x,A) = T Wb (x,A), (2.5)
1
y3(x,A) :cosl(n'—x)%—ﬁc(x,l), (2.6)
_sind(m—x) 1
Y4 (X,A) - A - Z/lzd (X,A,) ) (27)

where a, b, ¢, d are twice differentiable in x and entire functions with respect to A,
and have the form

a(x,A) = sinlx/q(t)dt—l—/q(t) sinA (x—2t)dt +Ry(x,A,q), (2.8)
0 0

b(x,A) = cosAx / g(1)dt / g(1)cos A (x—20)di + Ra(x, ,q),  (2.9)
0 0

c(x,A) = sinl(n—x)/q(t)dt+/q(t)sin?L(Zt—7r—x)dt+R3(x,7L,q), (2.10)

X
T

d(x, 1) = cosk(ﬂ—x)/q(t)dtqt/q(t)cosk(ﬂer—2t)dt+R4(x,7L,q), (2.11)

X

and R;, i = 1,2,3,4, satisfy the estimates (when |A| > 1):

e\Ime

Ri(x,1,9), Ra(x,A,q) = O ) (2.12)
e\ImM(ﬂffx)

R3(x7)~aQ)a R4(xalaQ):0 T ) (213)

Proof. In [14] we have proved that y; (x, ) we can be obtained in the form of
series

oo

Y2 (x72’aQ) = Z Sk (X,)L,q),
k=0
which converge to y» (x,4,¢) uniformly on bounded subsets of the set [0, 7] x C x
sin Ax

x L [0, 7], and where So (x,4,q) = T
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X sinA (x —1¢
Sk(xalaq):/o Sln)(f)q(t)skl(thWQ)dtv k:172)

For S we have the estimate (when [A| > 1)

[ImA |x k
Se(dg)| < o S0

<R . k=0,1,2,..., (2.14)

X

where oy (x) = / q(t)dt [14]. To prove (2.5), (2.9) and the estimate (2.12), we write
0

S1 in the form

X Qi _ A
Sl(x,laCI):/O sink (x —1) Smk tﬂ(t)d

A
R y 5 y Ui — cosAx [* 4
—W/O [cosA (x —2t) — cos Ax]q (t) t__W/o q(t)dt+
1 X
+272/0 cosA (x—2)q (£) dt,

and we note that
X
S (%, 1,q) :/ cosA (x—1)q (1) Si_1 (1, A, q)dt, k=1,2,...
0
This implies that

Si' € AC[0,7].
By writing y; (x,A,q) = So+S1 + Z Sk(x,A,q), we obtain
k=2
sinAx 1
y2(kaaq):T 2}42 (x }L)
where — 7 12 (x,A)= Z (x,A,q) and, therefore, b (x, 1) has the form (2.9), where
k=1

=2\ Z Sk(x,A). Now from estimate (2.14) we obtain that

s oo |ImA|x k( ) [ImA |x ( ) k— 2( )
e o, (x) e o o, “(x
’Sk(X,)L,Q)’S " = 0 <
& LiapT e i AR
o) 5 6t eMiai) & o) _
AP SR e-2r AP A
_ e'“““"f:oz (x) 0 _ 0% (3) s 5
2] 2]
sinAx
This implies (2.12) for |A| > 1. Since y,' € AC|[0, ] and Sy (x,A) = W obtain,

x,A) =yy— S is also a twice differentiable function (more precisely

1
that —
at = 53b(
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b' € AC|0,x]). Assertions on yj, y3, y4 can be proved similarly. O
3. Proof of the Theorem. According to (2.3), the solution ¢ (x,u,@,q)
which we will denote by ¢ (x, A2, Oc) for bravity, has the form

@ (x,A%, ) =y (x,A)sina —y, (x,A)cos ax, (3.1)
and, according to (2.4) and (2.5),
1 sinix 1
2 _ o S — -
@ (x, A% 0) = lcoskx+ Zla(x,l)] sina [ 1 27L2b(x,l)] cos .
Taking the squares of both sides of equation above, we obtain:
1 o? (x, A
¢? (x,?LZ, a) = cosAxsin’o + T a(x,A)cosa + A(L;CL)] sino —
2 _ b(x,A)cosAx a(x,A)sinAx a(x,A)b(x,A)
- lcoslx sinAx — 7 + 7 - Y x (3.2
. sin®Ax 5 b*(x,A) b(x,A)sinAx 5
><s1nacosoc+Tcos o + s PE cos“a.

1
Taking into account the formulae coszkxzi(l—l—cosytx) and sin’Ax =

1
= 5(1 —cos2Ax), we obtain from (3.2):

SIn2A7 .

T
2 2 = T in? 2
/0 ¢ (x,/l,a)dx—zsma—i- o Sine
LT 1 /" in’
+I [/0 a(x,A)cosAx derH A a* (x,l)dx} sin’ o Sn}énsmacosa *
L[ /" "
+33 [/ b(x,A)cosAx dx—/ a(x,A)sinAx dx} sina cos o + (3.3)
0 0
. T in2A
GO " 6,2)b 5,2+ 5o — AT coster -

1 T 1 [
L / b(x,k)sinlxdx——/ b (x,A) dx| cos2ar.
A3 Lo A Jo
The asymptotic formula (1.6) can be obtained from (3.3) by substituting

A =X (q,a,B) =+l (g a,B). Now we estimate the right-hand side of (3.3) for
A = A,. It can be easily deduced from (1.4) that for A, = /1, we have the following

1 7
asymptotic formula ([q] = / q(t)dt):
0

Do (@ B) =+ 8, (0, )+ D g
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1
where I, =1, (¢,0,8) =0 () uniform in «, B € [0,7] and g € BL}, [0, 7).
n

1
It follows from (1.5a)—(1.5d) that sin27d, (o,) = O (n) for all (a,B) €

€ (0,7] x [0, ) and also that

1 1
sin2wA, (¢,0,B) = O (n) , c0s2mA, (q,a,B)=1-0 (712>

also for all (o, B) € (0,7] x [0, 7).
sin27A,
An
Since functions a(x,4,), a®(x,A,), b(x,4,), a(x,A,)b(x,A,), b?>(x,A,) have ab-

Thus, the second term

1
sin’a in (3.3) has the form O( ) sina.
n?

1
solutely continuous derivatives, their Fourier coefficients are at least O (A) =
n

1
= O ( - | uniformly for (&, ) € (0, 7] x [0,7) and g € BL [0, 7).
n

Therefore, the third and fourth terms in (3.3) (for A = A,,) (“coefficients” of

1 1 1 1 1
sin’a) have the orders correspondingly — W ( ) =0 <> and ﬁ =0 <2> .
n? n

)
sin“7m — (1 —cos2rm
The fifth term is —J sinocos o = ( M) sin ¢cos o =
A2 2M2

1
=0 (4> sin cos o.
n

The sixth, seventh, eighth terms (the coefficients of sin ccos &) have the order
1 1 1
—0 =0(—=).
7°() ()

The last three terms, the “coefficients” of cos®o (except *cos 2a0), have the

222
1 1 ) .
order — e =0 . Therefore, the last four terms can be written in the form
n
b3 1 )
2)%2 [1+0 <>] Ccos“ 0.
Let us note that from u, =A2= (n+8,)%+[g]+r, it follows that
1 1 N N 1 1 0 < 1 )
—=———+4Mny, wWhere n,, = — = — |-
A n+ 8 " &S gt )\

Thus, we conclude that the expression (3.3) in A = A, have the form

T 1 1
an(q,o,B) = 5 {1 +0 (1@)] sin®a+ 0 (’13) sin crcos i+
T

+2[n+ 5, (0B {1 +0 (;2)] cosar.  (3.4)
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1
If sin & # 0, then the term O <3> sinacos & can be included into the term
n
1
(0] <2> sin?a, and if sin o = 0, then these terms are absent. Thus, finally, (3.4) we
n
can write in the form (1.6). Formula (1.7) for b, can be obtained similarly, if we
represent Y (x, L, B,q) = y3 (x,A)sin B —y4 (x,A) cos B and use formulae (2.6), (2.7)
and estimates from Lemma. We can obtain (1.7) also in another way: we can use the
representation v (x, U, B,q) = @ (m —x,u, w — B, q+*), where gx = g (T — x), which is
well-known (see, e.g., [5]) and which is easy to verify by direct substitution. (]

Received 21.08.2013
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