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In the present paper for the sum of random number of independent identically
distributed random variables the hazard rate increase is proven under the
summanders hazard rate increase condition. With the help of obtained result the
stationary waiting time hazard rate increase in the M |G|1|co model is
established under the service time hazard rate increase contition.
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1°. Introduction. Let B be a distribution function (DF) of non-negative
random variable (RV). Under the condition B(+0)=0 the DF B is reffered as DF

with increasing hazard rate (IHR DF), if for any xe R =(0,+o) the function
(B(x+1)—B(1))/(1- B(1)) (1)

is non-decreasing with respect to 1€ R™.

We conserve the introduction definition also for DF F having a jump at
zero: F(x)=a+ (l - a)B(x) , XeR", ae [O,l) , B(+0)=0. Then simultaneously
DFs F and B are or not IHR DFs, because (see (1))

(F(x+0)-F(t))/(1-F(t))=(B(x+1)-B(1))/(1- B(t)), xeR", teR". (2)

Let £ and &, be independent RVs with IHR DFs B, and B,. It is known
that under the condition B,(+0)=B,(+0)=0 the DF of RV {=¢ +¢,, 1. e
B, * B, , where * presents the sign of convolution, is an IHR DF (see [1]).

Let {én} be a sequence of non-negative independent identically distributed
(IID) RVs with the IHR DF B, and v be an entite valued random index, which
doesn’t depend on {£&, } :

P(Vzn)zan, nZO’ 1: 2a"" Zanzl'
n=0

Here P is a sign of probability. Denote by
d
4251"'52"‘“""5‘/ (3)
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the sum of random number IID RVs, and by F the DF of RV ¢ .

The symbol d in (3) means that DFs of both sides of stochastic equality are
coincided.
In other words, by the formula of total probability,

F(x)=>Y a, B"(x), xeR", 4)

n=0
where B™ is n fold convolution of B by itself and B* (x)=1.

Theorem 1. 1f B THR DF given by formula (4), then (see also (3)) F is
the IHR DF.
Let us consider the M |G|1|o quene model with FIFO service discipline

(see, for instance, [2]). Namely in a single server quene with infinite waiting room

the Poisson stream of customers with intensity a € R* arrive. The service times of
customers are independent, do not depend at the arrival process and have DF B,
B(+0)=0.

The number p, =ap, is called traffic intensity of the model, where

B =T(1—B(u))du. %)
0

Denote by W the stationary waiting time DF. The necessary and sufficient
condition for W ’s existence is p, <1 (see [2]).

With the help of Theorem 1 the following statement is established.
Theorem 2. 1If B is an IHR DF, then in the M | G|1|o model with FIFO

discipline W is an IHR DF.
The proof of Theorem 2 uses the following auxilary statement. Let

B(x) =if(1 —B(u))du (see (5)). (6)
B

It is easy to see that B is a DF.

Lemma. If B is the IHR DF and 3, € R, where f, is defined by equality
(5), then B is an IHR DF.

Lemma is proven in Section 2°, Theorems 1 and 2 — in Appendix.

2°, Auxilary Statement. First of all let us prove Lemma under the
condition: the IHR DF B in the model M |G |1|« has a density, say b(x). Then

the condition (1) is equivalent to the following one (see [1]):
The function (b(t) / (1 — B(t))) non-decreases as t increases. (7

Due to (6) the DF B has the following density
b(t)=— 7 (1 B(r)), teR".

|
That is why the condition (7) for B may be written in the form: the function

bty 1- B(1) I bludu

1-50) /31(1 pi J(l B(w))d j ]01 B(w))d
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=( [(1-B))g(u)du / [ (I—B(u))duj 8)
doesn’t decrease when ¢ increases. Here we denote
g(t)=(b®)/(1-B(1))), teR". 9)

In order to verify the validity of condition (8) one needs to show that for
0<1t <t, <+oo the inequality holds

{(I +I Jl B(u) g(u)du} / {f (l—B(u))du}s
{(J +I Jl B(w)d } / {J (I—B(u))gw)du}

or
J%(I—B(u))g(u)du f(l—B(u))g(u)du
4 < t, ' (10)

+00

T(I—B(u))du I(I—B(u))du

4 53
Due to (7), the function g(¢) given by formula (9) doesn’t decrease with respect to
t . Therefore for 0<t <t, <+ the following inequalities hold

15}

[(1=B()) g(u)du < g(tz)f(l — B(u))du

+o0

[ (1= B(w)) g(u)du = g(t,) fo(l — B(u))du

ty )
From here and (10) the statement follows in the case, when DF B has a
density.
Now let us prove Lemma in general case. Let A € R™. The DF

Bl(x)zB(x)*(l—e_lx), xeR", (11)
as a convolution of IHR DFs with B(+0)=0, (1_6-@:) » =0, is an IHR DF,
B, (+0)=0 and B, (x) has a density. Hence due to above proved the DF (see (11))

t
B, (t) =Lj(1—3(u) *(l—e_’l”))du , (12)
/BM 0
where
1
=0 +— 13
B =5 P (13)
is an IFR DF. Let us show that for all e R*
lim B,(t)=B(1), (14)

where B is defined by formula (6).
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The limity relationship (14) follows from the continute Theorem for the
Laplas—Steltjes Transform. Indeed, for s >0

A
e | - ps)
B(s)=[e " dB, (x)=——[e™ (1 ~B(x)*(1-e™ ))dx - s+4  (15)
0 B o SPu
For 4 — 400 we get that the right-hand-side of (15) tends to the function
A 1- (s
B(s) = 1-806) ,
SH

where (13) was used. Since ,@(S) is the Laplas—Steltjes Transform for DF B,

therefore (14) is proven.
Taking into account that the limit of IHR DFs is an IHR DF, if the limit is

DF, which is a consequence of (1) due to (14) we conclude that B is an IHR DF.
3°,Appendix. First of all let us prove Theorem 1 in particular case

Pv=k)=a,, k=0,1,2,....n, Y o, =1, (16)
k=0

by induction with respect to n. For n =1 we have
ay+aB(x)=ay +(1—a,)B(x)=F(x).
If a, =0, then B is an IHR DF. Let ¢, >0. Then F is an IHR DF because
of (2), which implies the basement of the induction.
Let the statement is true for any collection (¢, @,,..., «,) and for IHR DF

B, where (16) takes place. Let us prove that the statement is true for index n+1.

Consider
n+l

> a,B"(x), xeR",

k=0
n+l
with an arbitrary collection (¢, @,,..., ,, @,,,), where Y «a, =1.
k=0
If oy =0, then

n+l n+l k—1)s

Y B (x) = B(x)* o, B* V" (). (17)

k=0 k=1

n+l

Since B and due to the induction assumption ZakB(k_l)* (x) is an IHR DF,
k=1
therefore the convolution (17) is an IHR DF. Indeed in order to establish this fact
let us give another definition of the IHR DF.

The function p(x),x e R' =(—o0, +o), is called a Poja density, if p(x)=0

X =), plx —
and P =31), P =) >0 forany —o<x <x, <400, —0<y <y, <+0.

p(x, =), p(x; — ;)

It was proven in [1] that B is an IHR DF, if 1— B is a Poja density under the
condition B(+0)=0. Moreover, the fact that B, * B, is an IHR DF, when B, and
B, are IHR DFs under the condition B,(+0)=B,(+0)=0 was proven in [1] with
the help of the last criterion. Analyzing the proof, we convinced that the condition
B,(+0) = B,(+0) =0 may be omitted.
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Now let a, >0. We have

n+l

n+l
> @, B (x)=a, +B(x)* > o, B* 7 (x) =
k=0 k=1

n+l a, (k=1)* +
=y +(1-ay)B(x)* Yy ——B"" " (x), xeR". (18)
=l—a,
n+l
Since Z " G _ 1, therefore, due to induction assumption and due to the fact that
k=1 1=

n+l

B is an IHR DF, we conclude ZILB(H)* (x) is an IHR DF.
k=11—0Q
From here due to (18) we come to the desired statement.
Now, consider the general case (4). Introduce the following sequence of DFs

Fy(x)= iakB"*<x>+(ZakJB("”)*(x), xeR', n=0,1,2,...
k=0

k>n

Due to the obove proved {Fn (x)} is a sequence of IHR DFs, if B is an IHR DF.
Since lim F,(x)=F(x), xe R", therefore, F is an IHR DF.
n—>+0

Theorem 1 is proven.
Pass to the proof of Theorem 2.
By Cohen’s formula for the M | G|1| % model (see [3])
W) =(1-p) X p'B"(x), xR, (19)
n=0
where B is defined by formula (6). According to (19), the stationary waiting time

w may be represented in the form (compare to (3))
d

w:,é} +,32 oot Av,
where { ﬁn} is a sequence of IID RVs with DF B,and v is a geometric index,
which doesn’t depend on {ﬁn} Joe. Pv=n)=(1-p)p/', n=0, 1, 2,...

Since B is an IHR DF, therefore, due to Lemma B is an THR DF. Now
applying Theorem 1 to (19), we come to Theorem 2.
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2. U. zmpmipjniiyuly, 2. Z. bghpjut
M |G 1| Unplnid uyjuudwt dudwbwlh Skpwtwnt dwupht

Usjummnwiipnid  wyugnigqus £ wuwnwhwlwb pdnd wifwpju dhunbuwl
pupjujus wuwnwhwlwb dbdnipnitubph gnidwph Stpwbwyp gmudwpkihukph
Stpwtwnt wuydwh nhwypnid: Unwugus wpyniipt oguunugnpddus £ M |G |1
Unnlh uvnwghntup wywudwt dudwbwlh skpwbwnt wywgnygh dwudwbul,
Epp vyuwuwpdwi dudwtwljubpp Skpugnn Eu:

I'. C. Apytionsin, I'. O. Urutsn.

O crapeHuM BpeMeHH O:KMIAHMA B Mogeau M |G|1|«w

B cratbe U1 cyMMBI Cy4ailHOrO 4Mcia HE3aBUCUMBIX OAMHAKOBO PaCIIpeleieH-
HBIX CJIy4ailHBIX BEJIMYMH JIOKAa3aHO CTapeHue (QYHKIMW paclpelesieHus] NPU CTapeHHH
(GyHKIMM pacnpesieneHus ciaraeMbiX. Ha ocHOBe MOJy4eHHOro pes3yJsibTara YCTaHOBJIEHO
CTapeHHe (YHKIUHM pacHpeleCHUs CTAIl[MOHAPHOIO BPEMECHH OXKUIAHUSA B MOICITH
M |G |1|c TIpH YCIOBUH CTapeHUs PYHKIINH pacIpeaesieHIsI BpeMEHN 00CTyKUBAHHUS.



