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Regression model generated by two-parametric distribution of moderate growth
and arising in bioinformatics is considered. Consistency (in a weak sense) of least
square estimates for parameters is proved. Distributions of least square estimates for
parameters and of Gaussian noise variation estimate are obtained. Results may be
used for statistical hypothesis testing with regard to parameters of model.
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§ 1. Introduction. Two-parametric distribution of moderate growth is
introduced in [1]. It takes the following form

n o n-1 _
pn(a)=p0(a)9—l'[(1+c—1j, n=12,...,

n m=0

s

n>1 l//n m=0 l//m
with parametric set 4 ={a =(c,0): 0 <c<+mw,0<0<1}. The moderate growth of

(1.1)

distribution {p, ()}, . (1.1) is defined by conditions on sequence {y,}; :
wo =L {y,} is non-decreasing, lim y, =+, lim (v, /w, )=1
n—>+0 n—>+o0

under the constraint
S, =Z(I/Wn)<+oo. (1.2)

n=1
Below N(a,0”) denotes the Gaussian distribution function with mean a and
variance o .

In [2] the following regression model generated by model (1.1)—(1.2) is

considered. We take logarithm from both sides of (1.1) and replace ln(l +C—_1
Vo

by (c—1)/y,, (so called linearization). Then, denoting f,, (n)=1n-n+(c— DS, (n),
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=In@, S, (n)= rg 1y, and y, =In(p,(a)/py(a))+Iny,, we build the
regression model otin tlfe form
=f,(m+e,, n=L2,. N. (1.3)
Given the integer N >1 and the observed sequence {y,}' one needs to find
estimates for unknown parameters ¢ and n under, for instance, the assumption:
g,~N 0,6%), n= I,_N, are independent Gaussian noises with unknown variation
o%. So, the estimate of o is also needed.
Denote 7y =cy - Sy —(Zn S, (n))2 ,ey=on, Sy = Z(SW (n))2 .
Here and everywhere below in sums limits on n (from 1 to N ) are omitted
for simplicity. In [2] for unbiased least square estimates (LSEs) ey and 7A7 y of
parameters ¢ and 7(=In6) in the model (1.3) the following formulas are found:

;:N—1=r]\_,1{cN(Zyn~Sw(n))—(2n-yn)(2n-Sy,(n))},
My = {8y (Zn0,)=(Zn-8, )(L, -5, )}

In this paper, ﬁrst of all, based on (1.4) the normality and the consistency in

a weak sense of LSEs ¢y and 77 y are established. Next, we consider the estimate

~2 1
owN =N—Ze for variation o, where e, =y, — f ., (n) are so called residuals

(remainders) of regression (1.3), and fa (n)= nNn + (EN DS, (), n=12,.,N,
obviously, are LSEs for f, (n) (the predicted value of f, (n)).

~2 A ~
We prove some “good” properties of LSEs on,cn and 77, .
§ 2. Normality and Consistency.
Theorem 1. The LSEs 7A7N and cy for n and ¢ have distribution

2 2
. c c . . .
functions N|n,—S, | and N| c,—c, | respectively. They are consistent in a
Ty Ty
PN A P . P
weak sense, i.e. 7, =7, cyv—>n as N —+oo. Here the sign,, =’ denotes the

convergence in probability.

Proof. Denote y=(y,....Vy) >, €=(&,..&y) > PB=(n,c—1), where « »
is the symbol of allocation, and present the regression model (1.3) in the following
form y=Xp+¢,

1 S, (M
X=|: P (2.1)
n S, (n)
It is well-known (see, for instance [3]), that LSE ﬁ , minimizing the regression

remainders squares sum for (2.1), dueto e'e= Ze,f , e=y—X ﬁ, takes the form
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B=(XX)'Xy. 2.2)
Easily seen that the matrix X X takes the form
Cy xS,
XX=| : :
x‘Sl/, Sy
with  x=(1,2,..,N), S, =(S,1),S,(2),...S,(N)),where we assume that
det(X"X)=r, # 0. Then, evaluations lead to the form (2.2) of estimate ﬁ .
From Gauss—Markov theorem [3] it follows that the estimate ﬁ is optimal
(in the sense of minimums of variations D7A7 y and Dew ) in the class of linear with
respect to », unbiased estimates for parameter f. Taking into account that y, ,
n :1,_N , has distribution function N(f, (n),0?), the estimate (2,2) is linear with

respect to y, and X is not random, we conclude that LSEs cv and 7A7 y are
Gaussian. Further, from the representation (2.2)

B=(X'X)' X (XB+&)=B+(X X)X
it follows EB =B+(X'X)'X Es=p, where E denotes the sign of mathema-
tical expectation.

So, ﬁ is the umbiased estimate for parameter §. Let us evaluate the
variances D7A7 y and Dey . For this purpose we need in covariance matrix Vﬁ of
estimate B: VB=E(B-EB)p—EB)=EAs(Ae)= A(Eee)A=c>AA", where
A=(X"X)"'X . Since A4'=(X"X)", therefore,

VB=c (X' X)". 2.3)
On the other hand, because of the form
Sy —(x'S,)
xXx)'=r : : ,

_(x‘Sy/) CN
R o2 R o2

dueto (2.3), we obtain Dn, =—3S8,, Dcyv =—-cy.
ry ry

Let us pass to the proof of consistency of estimates v and 7A7 v - It is enough

to show that D7A7N 50 and Dey —0 as N — +o (see [4]).
2
(Zn-SW(n)) <]
2
ZnZZ(SV (n))

Due to Couchy—Shwartz inequality, we have 0<1-

That is why

lim — ¥ = oo, (2.4)

n—>+o0 Z(S.// (n))2 B
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which follows from the representation

IS, | (Zn-8, m) |
(s, ) (Z)( (s, @2) )

The limit relation (2.4) says that Dn, —>0 as N — +o.

N o_§,2
S, 2

Similarly one may prove that Dey — 0 as N —> +oo. Theorem 1 is proved.
§ 3. Properties of LSE cArzzv . Let the constraint (1.2) holds.

~2
Theorem 2. The statistics (1.5) is unbiased estimate for o , and the
~2

statistics ya , = (N — 2)0_—]: has y”-distribution H*(N —2) with (N —2) degrees
of freedom. ’

Proof. Let us present the predicted (by regression) value )A/ =X ﬁ in the form
)A/: (X'X) "' X y=My, and the vector of regression remainders e= y—)A/ in the
form e:y—XB =y —-M)y=By=B(Xp+¢)=Be,because Bx=0. Here [, is
a usual unit matrix of order N .

The matrixes H and B satisfy conditions: H'=H, H*=H, B=B,B*=B.

Write down the following chain of equalities:

E(ee)=E(D e’)=Etr(ee) =Etr(Bes B) = tr(BE(s¢') B) =0~ - tr(BB) =0~ - trB,
where “tr” denotes the frace of matrix B. On the other hand, trB=tr({,)—tr(M)
and tr(M)=tr(X(X' X)"' X)) =tr(X" X(X' X)) =tr], =2. That is why, finally,
we obtain E(ee)=0>(N=2), i.e. Eoy=0>.

1 . . . .
Next we have yy_, =—(e¢)B(¢/c), where (¢/c) is an N -dimensional
o

standard Gaussian vector (with zero means and unit variations). Since B'=B,

B* =B, therefore, (see [3]) the statistics va_z has y’-distribution with
k =rank(B) degrees of freedom. But in this case of B we have
rank(B) =trB = N —2. Theorem 2 is proved.

Remark. 1t is of interest that for a given N :

~2 A A~
The estimates on, (cwv,7,) are independent. (3.1)

1 N
5 (ee), it is enough to prove that

~2
Indeed, taking into account that o, =

LSEs B=8, = (7A7 N ,(A: ~) and remainders of regression vector E are non-correlated,
because they have Gaussian distribution.

Since Ee =0, therefore, cov(fB,e)=E(B, — B)e= EAe(eB)= AE(se))B =
=07 (AB) =0, where the equalities AB=(X"X)"'X'(I, - X(X' X)X )=0 were
used.



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2010, Ne 1, p. 27-31. 31

§ 4. Properties of LSEs ¢y and 1A] - Let the constraint (1.2) holds.
Theorem 3. The statistics

~ 1/2 A 1/2
t;\})_zz(nzy\_n)(rij and t;vzlzz(cj\/[\_C)'(rij
O, N O, SN
have Student’s distribution 7(N —2) with N —2 degrees of freedom.
Proof. Due to Theorem 1, 7A7 v —N has Gaussian distribution N (0,0—3 , ) ,

2
(o)

where 62 =Dn, =—3S, .
NN Iy
o2
Let us take as an estimate for 0'5 the statistics —S,, ie.
N ’/'N

2 _ 2 A2
S;]N =0Ony :(GNSN) Ty -
~2 1
Due to Theorem 2, the statistics y» , =(N —2)0—];/:—2263 has distri-
c° o

bution H*(N —2). Now let us consider the following statistics:
o _ My —77)/6,;‘&, _ &
N-2 S /o 1 ; >
Y Y WZN—Z
where & = (1, —n)/crﬁv has distribution N(0,1) and
S;,N :UN(SN/I"”)/ _oN _ { 1 pr
G;]N G(SN/rn )1/2 (o2 N_2 N-2

According to the Remark, 7A7 y and e are independent. That is why random

variables &, and y; , are independent too. It implies, due to definition of random

variable, which has Student’s distribution, that the statistics ¢\, has Student’s
distribution T(N —2) with N —2 degrees of freedom.
Theorem 3 is proved.
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Iu. L. Jupnputyub
Quthwynp wéh pupjunidubpny Stjws nkqpupnt Unpkjubkp

Thunupynd b jEuuwhibnpdunhunid wnwye Ewé suhwynp wsh
puyuwpudbnpuljut pugpudwt dhongny  Sujwd  nhgpkuhnt  dnphy:
Uyugnigymd Lt unplijh  wwpwdbnpbph  wjwuqugnyi  pwnwlniuhubkph
qghwhwunwljububtph  mbwlmpmoiip  pny; hdwunnd: Unwgduws &b
wuwpuwdbinpbph Wuqugnyt punwlniuhibtph quuwhwwnwlutitph b quniuyw
wnunmyh nhuybpuhuwh quwhwwnwlwbubph pwplunidubpp, npnbp Jupnn Lu
oquuugnpdyty Unphih wwpwdbnpkphtt Jepupkpnn quplusubph unniqdwb
hwdwnp:

X. JI. Bapoansn.

PerpeccroHHbIe MO €N, TOPOKAEHHBIE PacTpeieIeHHeM YMePEeHHOT'0 pocTa

PaccMmaTpuBaetcs perpeccHoOHHasi MOJENb, MOPOXKICHHAS JByXIapaMeTpH-
YEeCKUM pacrpeelieHHeM YMEPEHHOTO POCTa, KOTOpOe BO3HHUKAaeT B OMOMH(DOpP-
MaTuke. JlokazpIBaeTcsi COCTOATENFHOCTh B CIa0OM CMBICIIE OLEHOK HaWMEHBIINX
KBaJ[paToOB MapaMeTpoB Moaemu. [lomydeHsl pacnpeneneHus OLeHOK HauMeHbLITHX
KBaJIpaTOB IIapaMEeTPOB U OLIEHKU AUCIIEPCUU TayCCOBCKOrO LTyMa, KOTOPHIE MOT'YT
OBITH UCIIOJIb30BAHBI AJISl IPOBEPKU TUIIOTE3 OTHOCHTEIFHO MapaMeTPOB MOIEH.



