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In the paper for any p >1 and an arbitrary increasing sequence of positive

numbers {4}, the systems of operators and functions are introduced:
o - . . n-1

(L) {p, )y xel0+w), LPf=f, L f=[](DY +A)f, n21, where

j=0

©

. 1 g, . iy
D f=——[(-x)""f()dt, D! f=DD" f(1-a =l); P (x)=e ",
I'(a)s p

n

-1
@,(x)=Y.CNe, C” =( 11 4 —ik)J .
=0

J=0,(j#k)
Some properties of these systems are investigated, as well as specific differen-
tial equations of fractional order are solved. Finally, for some classes of functions
Taylor—McLaurens type formulas are obtained.

Keywords: Weil operators, Taylor-McLaurens type formulas.

1. Introduction. Let f(x) be an arbitrary function in the class L(0,/),

0</<+oo. The function D_* f(x) z%j(f—x)“"lf(t)dt, is called the Weil
a X

integral of order o, 0<a <+, of function f(x), and for a €(0,1) the function
D* f(x)zdiD;“'“) f(x) is called the o -order Weil derivative of f(x). It is
x

known, that if x”f(x)eL(0,+0), then integral D,”f(x) exists almost
everywhere on (0,40) and belongs to L(0,+o). If f(x)eL(0,+) and

x*f(x)e L(0,+0) for any o >0, then in all Lebeg points of f(x)
1im0D;“ f(x)=f(x) and therefore, [D;“ f (x)] 0= f(x) and Djo f(x)=f1"'(x)

o=

(these properties of Weil operators are given in [1]). The operators
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D f(x)=f(x), D’ f(x)= %D;“f (x), DL f(x)=D;"DI™V" f(x), n=23,...,

are called Weil operators of successive differentiation of order n/p for function
£(x). In particular, D"'* f(x)=f" (x) incase of @ =0, p=1.
In [2] the following classes of functions are introduced:
e C)(0<a<]1) is the class of functions f(x), possessing all successive
derivatives D’ f(x)= f")(x), n=0,1,..., satisfying conditions
sup |(1+x") [ (x)|< +o0, n,m=0,1,2,...;
0<x<oo
e C™(0<a<]1) is the class of functions f(x), possessing all successive
Weil derivatives D" f(x) (n=0,1,...), continuous on (0,+o0) and satisfying
conditions
sup |(1+x"™)D"? f(x)|<+0, n,m=0,1,...

0<x<oo

In [2] it is proved that these classes coincide.

Let {M,} be an arbitrary sequence of numbers. M.M. Dzrbashyan
introduce the following subclasses of functions:

o« C {[O,w);Mn} is the subclass of functions from C.*, satisfying
conditions sup | D"’ f(x)|<A-B"-M,, n=12,..;

0<x<oo

e C, {[O,w);Mn} is the subclass of functions from C', satisfying
conditions sup |(1+ax*)f"(x)|[<A4-B"-M,, n=1,2,..

0<x<o0

A= A(f),B=B(f) are the constants, depending on the function f(x) from

the given class.
The following problem for these classes was posed by M.M. Dzrbashyan: to

find conditions on {M,};", such that the equality D'” f(0) =0, /(0)=0, n=0,1,...,

implies f{x)=0, xe(0,+oc). The corresponding classes were called « -quasi-analytic.
Later, in 1970 M.M. Dzrbashyan formulated another relevant problem: to build a

no

system of such functions {@, (x)}, , with the help of which any function of a given
classes may be expanded into series.

In the present work to solve this problem systems of operators and functions
are built.

2. Initial Information.

. . i z"

2.1. Function of Mittag—Leffler type E,(z; 1) ZE} TGiinp D
entire function of order p and type 1 with arbitrary value of parameter u ([2],
chap. VL, § 1).

2.2. Forany u >0, a >0 the following formula holds:

1 3 " ) .
F(Ol)'([(z_t) lEp(Ml/p;/l)tﬂ 'dt =z lEp(lzl/p;#-i-a),

(p>0) isan
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where A is a complex parameter, and the integration is taken along the intercept,
connecting points 0 and z ([2] chap. III, (1.16)).
2.3. Forany a >0, B >0 the following formula holds:

!
[xE, (x'"a)(e—x)" E, (2 (=) By =
0

@2.1)
1p 4. * Upq*,
_AE, (" ha+ B2 E ("2 a4 B)

A=A
where 2 u A° (L# ") are any complex parameters ([2], chap. IIL, (1.21), [3]).

l()H—ﬂ—l

From (2.1) using famous formula £, (z;zj:l{Ep (z;lJ— 1_1 } for
p) z p) I'(p™)

. 1
particular case o = f =— we have

ol
1 1
[ vp. L)% * up. 1 o
.[Ep AP — E, |4 (x=0)"";—|(x=0)" dt=
0 P P
(2.2)
Ep(lx”p;lj—Ep(l*x”p;lj 1
_ P P) v
A=A
2.4, It is known ([11,(2.22)), that function

e,(x;4)= e (|arg l| < %,% <p< +ooj is the solution of the following Cauchy
Yol

type equation:

D2 y(x)+Ay(x)=0, y(0)=1. 2.3)
From (2.3) it particularly follows that
p'e {e*”} =(=A)"e ™, nz1, xe[0,400). 2.4)
2.5. Itis known ([2], chap. 111, (2.3); [1], (1.27")) that for |argz|< x,, |z|=0
E, (z;lj <M (1+| z|)P 'R +L2. (2.5)
P (+[z])
From (2.5), particularly, for >0, p>1 it follows that
p. 1 Up\p-1 APx M,
E | AP i— S M1+ Ax 7)Y e+ ——2 . (2.5")
p 1+ 2Ax"7)
Lemma 2.1. Let p>1,2>0,¢""| f(x)|e L(0,+x). Then the integral
o 1,
I(x;)= fep (t—=x;A) f(@)dt, where e, (x;1)=E, (lx”p;ljx" , converges
¥ P

absolutely and uniformly along x e (0,0).
Proof. Due to (2.5"),
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1
—1
Myx? | f(x)]
(1+ Ax"7)?

1

15 —1 .,
Ep[lxl/p;ljxp S| SM A+ Ax"P)P xP ™| f(x)]+
P

Then, it is easy to see that

Y

E,(At=x)":1/ p)t=x)" | £(0)|dr <
i (2.6)

[ 1(x;4) IS

1
2 o b, TP | f(x+1)]
<M [+ A2"P)yP e | f(x+0) Wt + M, [ — Ly,
1{( ) | f(x+1)d 2£ 1+ 2077)

1 1
L p
but since (1 + ﬂl‘l/p )p—l - 1, m — 0 and
+ At

[ 110 ldi=[ "0 @) 1di <[] £ @) dt <40,

0 0

j|f(x+t)|dt j|f(z)|dt<j|f(z)|dt<+oo

as t — +oo, then from (2.6) follows the statement of Lemma
Lemma 2.2. 1et p>1, >0, f(x)e C,", e*"* | f(x) e L(0,+) . Then the

function y(x;1)=- I e,(t—x;A) f(¢)dt is the solution of the following Cauchy

type problem:
D y+ay=[(x), y(®)=0. @.7)
Proof. Due to the definition of operator D_*, we have
D y(x; z)——m j (t—x)*"dt j e (t1—t;A)f(v)dr, (2.8)

and since the inner integral due to Lemma 2.1 converges absolutely and uniformly
along t €(0,+00). The change of integration order is allowed by Fubini Theorem.
Then from (2.8) we get

D y(x; z)_—— j f(o)dt j T—x-v)"e (v )t)dv——j E,(AMz-x)""1) f(2)dr.

(2.9)
Let’s show that the integral of the right part of (2.9) converges absolutely
and uniformly along xe(0,+). It is known ([2], chap. III, (2.31)), that if

7
largz|< B and |z[|>0, then |Ep(z;/,z)|£M1(1+|z|)p(1"“)eR°Z +1—2|, where

+|z

p>%, ﬂe(%;min{ﬂ;l}j and u is a real constant. Therefore, for
P P
M, | f(x)]

_ l/p _ p. APx
z=2x"", u=1 we have ‘Ep(}tx ,l)f(x)‘SMle O+ 2
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So, the integral (2.9) converges absolutely and uniformly along x € (0,+0).
Note that

%{Ep (ﬂ,(r —x)l/p ;1)} =-AE, [l(r —x)l/p ;%j(r —x)%_1 . (2.10)

Now, using formulas (2.9), (2.10) we have

D[P y(x)= %D;QY(X;@ Z%{—IE;) (A(z —x)l/p;l)f(f)df} =
= f(x)+ XTEp (l(r —x)”p;lj(r —x)%_1 f(r)dr = (2.11)
X P

=f(x)+ lTep (7 =x;A) f(2)dt = f(x) = Ay(x; ).

(2.7) follows from (2.11).
3. Main Results. Let {4 j}°0° be an arbitrary increasing sequence of positive

numbers. For any p>1 on proper classes of functions f(x) we consider the
sequence of operators:

Y7 £(x) = f(x), Lgpf(x)zﬁ(pgpmj)f(x), nz1, xe[0,+0). (3.1)

Note, that if f(x)eC”), then the functions {L:” f(x)}: exist in the
interval (0,+0), and for >0 L'’ f(x)e C., i.e.

sup ‘(1 +mejg/PL:ng(x))‘ <t (n=0,1,.., k=0,1,., m=0,1,.., 0<a<l).

0<x<+o0
We associate the sequence {lj}(‘o" with sequence of functions {(on (x)}ooO for
any p>1:
po(X)=e ™", @ (x)= > C,(C")e_ikpx, nz1, xe[0,+x), (3.2)

k=0
, -1
where C" :{ IT ¢ —ik)} , 0<A<Ai, j=0,1,... Note that for any k>0,
J=0,(j#k)
n >0 with the help of (2.4) we have D"'? {e“i"px} =(-4)" e xe [0,+oo). From
here it easily follows that

sup (1 +x™ )DO'Z,/" {e"l*px}

0<x<+00

— sup ‘(1 X )(—zk)"‘ <40 (0<a<Lmmk=0,1,.).

0<x<+00

Consequently, for any k>0 holds fk(x)ze'l‘p *eC™. Further, with
the help of additivity of C® (0<a<l), ¢ (x)eC,™. It’s easy to see,
that for any k>0 the functions f,(x)eC, {[O,w);Mn}(Mn >1). Indeed,

sup |D"° {e'l*px}

0<x<+o0

<AM,, n=0,1,.., k=0,,..
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Due to definition (3.2), with the help of additivity of C,{[0,:0);M,}
0 () e C {[0,); M, }, k=0,L,..

Lemma 3.1. Let p>1 and A be a complex parameter, gzl. Then,
p
for any n>1
» n—1 »
e {e-i } —TTA, = 2)e ™™, xe[0,490). (3.3)
j=0

Proof. Using the formula D!” {e"ipx} =—le "™ we get

(D +zj){e*”} =((Dr7+2)+(2, —l)){e““x} -
(DLr +A){e“”X}+(zj “2)e T = (4, - 2)e M
From here, with the help of (3.1) we get (3.3).

Lemma 3.2. Let p>1, f(x)eC.™, M
function

f (x)| € L(0,4). Then the

V06 As ) = [ty —x: A )ty [ e, (, — t332) £ (1), (3.4)

is the solution of the following Cauchy type problem:
L y=f(x), y(+0)=0, (3.5)

1

)
where A =max{4;4,}, ep(x,l)EEp(lx”p;ljxp , x(0,400).
p

Proof. Note that in (3.4) the inner integral, according to Lemma 2.1,
converges absolutely and uniformly along x € (0,+). So, changing the integration

order and using the formula (2.2), we get
0 f
y(x, Ay, 4) = If(tl)dtlfep(to _X;Ao)ep(tl — oy Ay)dty =

e,(ty —x;4)—e,(t, —x; 2) i
H=y "

iLe. y(x, %Jq)—;tq pa {Ie (6 —x; )./ (4)dt, = Ie (Ul xﬂo)f(tl)M}

=[S [ ey (ma)e, (4 —x—:A0)dx =°ff(rl)

0

Now apply the operator L” =(D010/” +AO)(DOIO/” +/11) to the both sides of
this identity. Then, using the Lemma 2.2 we obtain (3.5):

L2 y(x, Ays 2y) = - %(Dl/p+2,0){(Dio/p+11)Tep(t1—x;il)f(tl)Ml—

1

(DY 2 [e s —x;zo)fal)drl} =D+ A )= f )+ 0+

0
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+(4y _/’I’I)Tep(tl _XQZo)f(t1)M1}:(D§o/p +lo)[_Tep(t1 —x;40) f (6)M j:f(x)

Lemma 3.3. Let p>1, f(x)e CZ(OO) , e
n>1 the function

f (x)| € L(0,+0). Then, for any

0

y(x)=(-1)" Iep (t _x;/lO)dtOJ.ep (1, —to3A0)dt, ... .[ e, (t, =1, 254, ) f(t,)dt,
x 1y t, o

is the solution of the following Cauchy type problem: L’y = f(x), y(+x)=0.

The Lemma is easily proved applying the method of mathematical induction.
Theorem 3.1. For any n> 0the following relations hold:

1. Lo, (x)} =0, k2n+1, xe[0,+0); (3.6)
2% L g, (0)l=e " Yn20, xe[0,+0); (3.7
3%, L, (0)}],o=0 Vn2l, 0<k<n-1. (3.8)

x=

Proof.
1°. Note that due to definition (3.2) of functions ¢, (x), using representation

(3.1) of operators [*/* and formula (3.3), we get

n k-1 »
L {0, (0} =X P [T (A, = 2)e G2
i=0 j=0

k-1
But since C{"'[[(4,—2)=0, k=n+1, for i=0,1,..n (3.6) follows from (3.9).
Jj=0
2°. Note that

n n—1 P n-1 _APx
L0, (0} =2 CTT (G = 2)e ™ = CUTT; =4 e Y, (3.10)
i=0 Jj=0 Jj=0

-1
and since C\" :{ T & —zn)} (3.7) follows from (3.10).

Jj=0,(j#n)
3°. Assume n>1,0<k<n—1.Then
n k-1 »
L {o,(x)} =2 C" T4, = 4)e ¥~ (3.11)
i=k j=0

n

k-1
From (3.11) we have L’ {p,(0)}|,.o =D C{"T](4;,—4). Further, since
Jj=0

i=k

-1
k-1 n
(n) _
C! 1"!)(&]- -2) _{ﬂk(zj —z,.)} , then
J= J

SR :Z{ H % _/Ii)} ' (3.12)
i=k | j=k,(j#i)
1 .
(E+ANE+A ) (E+A) (&) is a

rational function, points &=-A, i=k, k+1,..,n, are simple poles. Using the

We consider the function @(&)=
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-1

theorems about the residues, we have res[(o(é)]éz_ N ={ 1T & —ll.)} , and
b kG

therefore

ér%[qo(é)]é:_% =0. (3.13)
From formula (3.12), (3.13) follows (3.8).

Theorem 3.2. The coefficients {q, }; in the sum

E,(x)zéakgok(x), xe[0,+x), (3.14)

for any n> 0 may be determined as a, = ';/"F; (0), £=0,1,2,....,n.

Proof. We apply operator L/'” (0< j<n—1) to the function P,(x). Using
(3.6) and (3.8) we find that
LPP(x) = Y a L 0,0} =Y a, I {9, ()} =a, 1" {, ()} +
k=0 k=j
., . (3.15)
+ Y ql g @) =ae T+ Y gLl {p ().

k=j+1 k=j+1
Due to Theorem 3.1, L/” {p, (x)}|,., =0, k=j+1 j+2,..n, then from
(3.15) we obtain a, =L/"P,(0) (0<j<n-1).

Now we apply the operator L!” to (3.14): L!*P,(x)=a,L” {p,(x)} =
= ane_i’}’)x , from where follows L’;/ PP(0)=a,.

Theorem 3.3. Let f(x)eC.™, e

DE? £ (x)| € L(0.40), k=0,L.....n.

Then forany 7> 0 f(x)= 3 I£? £(0)g, (x)+ R, (x: /), x €[0,+0), where
k=0

Ry (e /)= (=™ [ (ty —xi o [ e, (1 — 1)ty %

n+l

X I ep (tn—l - tn—2 ;j’n—l )dtn—l I ep (tn - tn—l ’j’n )Lw?f(tn )dtn .

o -1

Proof. Denote P,(x;f)= zn: L’ f(0)p, (x), x[0,40), and f(x)—P,(x; )=
k=0

=R (x;f). According to Theorem 3.2, we have L!*P, (x;f)|x:0 = ';/pf(x)|

x=0>

n+l n+l

k=0,1,..,n, and LLX?R” (x)= La?f(X)  Since M

DL £(x)| € L(0,+),
n+l

k=0,1,...,n, then e LOQ7 f(x)| € L(0,0). Further, using Lemma 3.3, we have that
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Ry (e ) = (-1 e 1y =33 ety [ e, (1332,

n+l

< [ e, (t, ~t, ;)L f(t,)dh,.

n-1

Thus, the Theorem is proved.

Received 30.10.2009
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R. Z. Uwhwljjub, 2. U. Losuipyuls

U.U. ppugjutth C;(w) nuup $ntbljghwkinh hwdwp Btynp-Uwlynpkup
puwtwdlh vh puinhwiipugdwt dwiupt

Uju wpwinwlpmd gulijugus p>1 ghypmd {4} -gpufjub pybph
Judwjului wdnn hwgnppuljutnipjut hwdwp dnsymd thu oyyipunnpubtph b

Pmillyghwtph hbnlyw; hwdwlupgbpp. {LZ’O/" }000 . o, (x)};O , xe[0,+0):
n—1
0p 4 _ np o _ 1/
Lrf=f, prf:H)(DwP +lj)f, n =1, nputny,
=

1 % »
D f=——[(t-x)*" f()dt, DI f=D" DI ™" f(1-a = L, Py(x)=e 7,
I'(a)y p

-1
%(X):;)C;i")e%‘px, C;ﬂ"){ I1 (ﬂ’j_j’k)j :

J=0,(j#k)

Munidtwuhpdt) Eu wyn hwdwlwpgbph npny hwninipynitubp, nh-
nuwplyl] b méyl o Ynunpulughtt Jupgh npny ghbpkiughw) hwjuuw-
pnudubp: pny nuuh $nitulghwtbph hwdwp unwgyl) Bu B np-Uwlnpkih
puitwdlth mhyh putwdlbp:

b. A. Caaxan, I. C. Kouapan.
O6 onHoM o0o0mennn ¢opmyanl Teilnopa—MakiaopeHa aast ki1accoB  (pyHkumii

M.M. [Gkp6amsina C,

B pabore mpu p=1 gnd npousBONBHOW  BO3pacTaromieidl  mocie-

JIOBATEIbHOCTH IOJIOKUTENIBHBIX YHCEIN {lj}°0° BBOJIAATCSL CUCTEMBI OIIEPATOPOB U

o " n—1
dymamit {22717, {p, (07, xe[0,4); L[ =, Liﬂpfzn)(Di!p+lj)f,
n>1,rne

d - 17 - - 1
L f=—-Df. DS f =——[(t-x)"" f(o)dt, D;"f=D’DI"" f(l-a==),
dx ') J p

X
n n -1
— oM - (m) ;=4 x _
q)O(x)_e AUY’ q)n(x)_zckne k s C](cn)_ H (/Ij_/lk) .
k=0 J=0.(jk)
I/ICCHCHY}OTCH HEKOTOPhIC CBOICTBA ATHX CHUCTEM, PCIIAIOTCA HEKOTOPHBIC

muddepeHnnanpHple ypaBHeHUsT OpoOHOro mopsaka. g QyHKIuid HEKOTOpbIX
KJIaccOB MOJydeHbl 0000meHHbIe hopmyisl THIa Teiinopa—MaknopeHa.



