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The minimal number of systems of linear equations with n  unknowns over a 
finite field qF , such that the union of all solutions of the systems forms an exact 

cover for a given subset in n
qF , is the complexity of a linearized covering. An 

upper bound for the complexity for “almost all” subsets in  n
qF  is presented. 
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Below qF  stands for a finite field with q elements and n
qF  for an n -dimen-

sional linear space over qF .  If  L   is  a  linear  subspace  in  n
qF  and n

qF , then  
the set  { | }L x x L         is  a  coset  of  the  subspace  L  and  its dimension  
coincides with dim L . An equivalent definition: a subset n

qN F  is a coset, if  

whenever 1 2, ,..., mx x x    are in N , so is any affine combination of them, i.e. 
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x
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for any 1 2, ,..., m    in qF  such that 
1

1
m

i
i



 . It can be verified that any k -dimen-

sional  coset  in  n
qF  is  represented  as  a  set  of solutions  of  a  certain  system  of  

linear equations over  qF  of  rank  n k   and vice versa.  

Definition 1.  A set of cosets  1 2, ,..., mH H H  in n
qF  forms a linearized 

covering of a subset N in n
qF , if 

1

m

i
i

N H


 . The length of the covering is equal to 

the number m  of cosets. A linearized covering is the shortest for the given N , if it 
has  the  smallest  possible  length. 

Definition 2.  Let n  be the number of subsets in n
qF  that satisfy a certain 

property  . If lim / 2 1
nq

nn



 ,  then  we  say  that  “almost all”  subsets  of  n

qF  

satisfy  the  property  . 
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The problem: for a given subset in n
qF  (usually a set of solutions of a 

polynomial  equation  with n   unknowns  over qF )  estimate  the  length  of  the 
shortest linearized covering and find an effective algorithm that constructs the 
shortest or “close” to the shortest linearized covering for N . This problem was 
originally considered in [1, 2] for 2q   in connection with minimization of 
Boolean functions. It was shown in [3], that the length of the shortest covering 

( )qL N  for almost all subsets satisfies the following inequalities: 

 
33 log

(1 ) ( ) 1
2 log 2 log

nn
q

n q n
q q

q q nq L N
qn n n e

     ,  where  lim lim 0n nn n
 

 
  . 

Our aim is to improve the upper bound with the help of techniques 
developed in [4]. 

T h eor e m  1 .  ( )
n

q
qL N c
n

  for almost all subsets in n
qF , where 

3 ln 2 2
3 ln 2(ln 2 1) 18

2ln 2
q ec q




  .  

Denote by 
q

n
k
 
 
 

the Gaussian coefficient – the number of k-dimensional linear 

subspaces in nqF . We use the following properties of the Gaussian coefficients: 
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Let kD  stands for the set of all k -dimensional cosets in n
qF  (obviously 

n k
k

q

n
D q

k
  

  
 

), ( )F n  stands for the set of all subsets in n
qF , and ( )CK n  –  for 

the set of all cosets in n
qF . 

Theorem 1 is a result of Lemmas set out and proven below. 
Definition 3.   In  a  Boolean  matrix  ,{ }i jT t  the j -th  column  covers  the  

i -th  row,  iff  , 1i jt  .  
Definition 4.  A sequence of columns of a Boolean matrix 1 2, ,..., ka a a  is 

gradient, if for every 1,2,...,i k  the column ia  covers the maximal possible 
number of rows, which are not covered by the columns 1 2 1, ,..., ia a a  . The number 
k  is  the  length  of  a  gradient  sequence.  

Denote the number of rows and columns  in  T  by ( )p T  and ( )q T  respecti-
vely. Let ( )L T , 0  , be the minimal number k , such that for any gradient se-
quence with length k  the portion of not covered rows in  T is not greater than e  . 
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Lemma 1 [4].  Let T  be  a  submatrix  in  T ,  such  that  every  row  in  T  
is covered by not less than ( )q T   columns, 0  , and ( ) (1 ) ( )p T p T  ,   

(0,1)  , then ( ) 1 ( )L T p T
 


   . 

Let a probability be defined on ( )F n , such that random variables (RVs) 
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( )
0, ,x

x N
N

x N



  





 ,n n
q qx F N F   are independent in aggregate, identically 

distributed and ( 1) 2x
    .  

Denote by ( )k N  the number of k -dimensional cosets ( 0 k n  ) in a 
random subset N , and by ( )k

x N   the number of such cosets H , for which x H  
and \H x N . Below we calculate expectations and second moments for those 

RVs. Easily verify 2
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Definition 5.  Let 1 2{ , ,..., }sN        and 1 2{ , ,..., }pH H H  be the set of all 
cosets in N . We associate with N a Boolean matrix ,{ }N i j s pT t  , such that 

, 1i jt  , iff  i jH  . Let ( ) ( )NL T L N   and ( ) 2x x x   .  
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For a random subset N  using Chebyshev’s  inequality  we obtain 
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Denote  by  ,N kT  a  submatrix  in  NT , formed by columns that correspond to 
k -dimensional cosets in N , and rows in N , which are covered by not less than 

( 1)
0 8

11 2
kq

q

n
S

kn
          

 k -dimensional cosets in N . Using Lemma 2 we can 

estimate 

      , 0 0
1 1( ) ( ) , | ; ( ) | ; ( )

2 2
nn n

k k
N N k x xqq q

M p T p T x N x N N S x x F N S            

    

8 8

( 1) 3
16 ( 2) 3 16

2

8

1 12 2 2 1 2

22 2 2 .
1

nq n k k n k k k
x x x x x

k q k
n n q kx

n
k
x

q P M q P M M
n n

D k qq q n k q n
q

M
n

  


  

    





  


  

               
    

  
 
 
 

    





  (3) 



Proc. of the Yerevan State Univ.  Phys. and Mathem. Sci., 2010, № 2, p. 41–48.  
  

45

Let n  be a subset of ( )F n , such that for each nN   the following 

inequalities hold: , 4
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P 1 .
2 log

nn n n

q

q q q
nn n n n

 
    
 
 

 This completes the proof. 
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As in [4] we split the set of coordinates X  of vectors in nqF into non- 

intersecting  subsets 1 ... kX X X Y    , such that 

, 1, , log , .
log

i
q

q

nX m i k k n m
n

 
          

 

Let   be an operator that associates with each nqN F  a set of cosets in 

N  that being taken in a certain order forms a gradient sequence, satisfying the 
condition that the fraction of uncovered rows does not exceed e  , and removal of 
the last member of this sequence breaches the condition.  

For each subset nqN F we define a sequence of subsets 0 1., ,..., kN N N in 
the following way: 

1) 0N N ; 

2) suppose that 1iN   ( )i k   is already constructed and 1
j

iN  , 1,..., n mj q  , are 

subsets obtained from 1iN   by fixing the coordinates that are not in iX  in all vectors 

in 1iN  . We set 1
1 1( ) ( ) ... (

n mi q
i iN N N    



    ).  Then, 1 \ ( )i
i iN N N . Denote 

by ( )k N  the longest gradient sequence for kN , and ,
1

( ) ( ) ( )
k

i k

i
L N N N   


  . 

Lemma 4. 
3 2

, ln2
ln2 12
ln2 log2

n n

q

q e q qM L
n n nq


 


 


 
  

 
 for 1  , 1 ln 2   .  

Proof.  Consider the i -th step of above construction scheme. Without a loss 
of generality we may assume that  1,2,...,iX m , and all vectors in 1

j
iN   are of the 

form 1 1( ,..., , ,..., )m n mx x    , where k qF  , 1,k n m  . Define the following 

distribution on ( )F m :      1P P | j
j iG N N G  . 

The RVs x   for each of the above distributions are independent in aggregate 

and identically distributed. Let ,( 1) 2 ,i j
j x

    1,..., n mj q  , , 0i j  . Accor-

ding to the above construction scheme ,
1

1

1P( ) 2 i j
s

i
j

x N
s





   , where n ms q  . 

On the other hand, all the vectors, which were covered with gradient 
sequence  in  the  previous  step,  are  not  in  1iN  ,  and  the  fraction  of  unco-

vered rows cannot exceed e  ; therefore, ( 1)
1P( ) 2i

ix N e    
   and  

, 2( 1)log( 1)

1

1 2 2 2i j
s

i ei

j
e

s
        


  . 

Consequently, due to convexity, we state that 

   , 2( 1)log ( 1) ln2
, 2

1

1 12 2 ( 1)log ( 1) ln 2 .
ln 2

i j
s

i e i
i j

j
i e e i

s
              


       

Denoting ( 1) ln 2t i    , we have   
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                                               ,
,

1

1 12
ln 2

i j
s

t
i j

j
e t

s
  


 .                                           (4) 

As  1e   , we have  1 ( 1) 1 .
t d

x t t

t

te txe dx e e t
  
  


      

   
 

  And 

combining with (4), we obtain 

                                         ,
,

1

12 .
ln 2

i j
t ds

x
i j

j t

es xe dx


 



 


               (5) 

As per construction of the operator  , we can state that 1 1( ) ( )j j
i iN L N       

1,i k   and 1,j s  . By Lemma 4 we have 
, ,

2 2
1 , 1 , 2

2 2( ) ( ) .
log

i j i jm m m
j j

i i j i i j
q

q q qM N q M L N q
m m m m

 
 

       
 

 
   

   
         

   
 

Adding up over j  
,

2
, 2 2

1

2 .
log log

i jm m ns
i

i j
j q q

q q qM q s
m m m m m




   







 
    

 
  

Due  to  (5),  
ln2

2
2

( 1) ln 2ln 2 log

n ni
i x

i q

q e qM q xe dx
m m m

  



 

 


 


 

 
    

 
   or  

                    
ln 2

2
2

1 ln2
.

ln 2 log

n nkk
i x

i q

q e qM q xe dx k
m m m

  





 


 




 
   

 
                   (6) 

Obviously,  

                               
ln2

ln 2 ln2
2 ln 2 1 .

k
x xxe dx xe dx

 


 


 

                                  (7) 

Taking into account the fact that for any set the length of a gradient sequence 
cannot be greater than the cardinality of the set, we estimate 

                                      
1
P( ) 2 .

nq
k n k

k
j

M x N q e   


                      (8) 

Combining (6)–(8), we obtain 

2
, 2

2 ln 2 1 2 .
ln 2 log

n n
n k

q

q qM L q e k q e
m m m


   

 



  


 

    
 

 

Consequently, as ~ , log ~ log , ~ logq q qm n m n k n  when n  , and taking 
1 ln 2   , we prove the Lemma. 

Proof  of  Theorem 1. Choosing 1   in Lemma 4, we have  
3 2

, ln2
ln 2 1

ln 2 log4

n n

q

q e q qM L
n n nq 

 
    

 
. 

We define 
3 2

ln2
ln 2 1( )

ln 24

nq e qA n
nq


    and ( )

log

n

q

qB n
n n

 . Then ( )lim 0
( )n

B n
A n

 . 

Using Chebyshev’s inequality, we get 
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       , ,
, ,

( ) ( ) ( )P 2 ( ) 0 P ( ) ( ) .
( ) ( ) ( )

M L A n M L A n B nL A n L A n A n
A n A n A n
   

   

 
         

We come to a conclusion that  ,P 2 ( ) 0L A n     tends to 0, whenever n  , 

thus, for almost all subsets in n
qF   , 2 ( )L A n   , so we come to the statement of 

Theorem 1. 
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Հ. Ք. Նուրիջանյան 
 

Գծայնացվող ծածկույթների բարդության վերին սահմանը վերջավոր դաշտում 
 

n
qF  վերջավոր դաշտի վրա տրված փոփոխականների գծային 

հավասարումների համակարգերի նվազագույն քանակը, որոնց լուծումների 
միավորումը հանդիսանում է ճշգրիտ ծածկույթ -ում տրված ենթաբազմության 
համար, կոչվում է գծայնացվող ծածկույթի բարդություն: Աշխատանքում 
ներկայացված է այդ բարդության վերին սահմանը գծային տարածության 
“համարյա բոլոր” ենթաբազմությունների համար: 

О. К. Нуриджанян. 
 

Верхняя граница сложности линеаризуемых покрытий в конечном поле 
 

Минимальное количество систем линейных над конечным полем qF  
уравнений от  n  переменных, объединение решений которых образует точное 
покрытие для данного в n

qF  подмножества, называется сложностью линеаризи-
рованного покрытия. В настоящей статье мы представляем верхнюю границу 
этой сложности для “почти всех” подмножеств линейного пространства n

qF . 
 

 


