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Let -,* be idempotent operations on the set 4, and * be a commutative
operation. We prove, that if the pair (,*) satisfies the generalized entropic
property, then (-,*) is entropic.
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Introduction. For an algebra 4=(A4,F) we define the complex operations
for every ¢ # A4,,...,A, < A and n-ary f eF on the set p(4) of all non-empty
subsets of the set 4 by equality f(4,,....,4,)={f(qa,,....a,):a, € A}. The algebra
CmA=(p(A),F) is called a complex algebra of A.

Complex algebras were studied by several authors (G. Grétzer and H. Lakser
[1], C. Brink [2], I. Bo$njak and R. Madarész [3], A. Romanowska and J. D. H.
Smith [4-6], K. Adaricheva, A. Pilitowska, D. Stanovsky [7] and others). The
concept of complex operations is widely used. In group theory, for instance, a
co-set xN is the complex product of the singleton {x} and the subgroup N.
For a lattice L the set Id L of its ideals is a lattice with regard to set inclusion.
If L is distributive, then its union and intersection in Id L are the complex
operations, obtained from union and intersection of L, and, therefore, Id L is
a subalgebra of Cm L.

Now, consider the set CSub A of all (non-empty) subalgebras of algebra A.
This set may or may not be closed with regard to complex operations. For instance,
if 4 is an Abelian group, it is, however, non-closed for most groups. In the
case above, CSub A is a subsystem of Cm A4, and we call it a complex
algebra of subalgebras. We say that 4 has the complex algebra of subalgebras
or that CSub A exists.

An algebra 4= (4,F) is called entropic (or medial), if for any n-ary feF

and m-ary g € F it satisfies the mediality identity:
U (Xqpees X))o | K50 X)) = S (G (K500 X1 )5 s €K X)) - (1)
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So, algebra A is medial, if it satisfies the hyperidentity of mediality
[8-10]. Note that a groupoid is entropic, iff it satisfies the identity of mediality
xy-uv=xu-yv [11]

A variety V is called entropic (or medial), if any algebra is entropic in V.
Algebra A is called idempotent (commutative), if any operation of A4 is
idempotent (commutative). An idempotent entropic algebra is called a mode [6].

The Generalized Entropic Property.

Definition 1. We say that a variety V (the algebra A) satisfies the generalized
entropic property, if for any n-ary operation f and m-ary operation g of V (of 4)
there exist m-ary terms ¢,,...,¢, , such that the identity

(X eees X )sees S (X sees X)) = (G (X s X ) B, (X505 X)) (2)
holds in ¥V (in A4).

For example, a groupoid satisfies the generalized entropic property, if there
are binary terms ¢ and s, such that the identity xy-uy = t(x, y) . s( y,v) holds.

It was proved by T. Evans [12], that for the variety V' of groupoids any
groupoid in V has a complex algebra of subalgebras, iff V' satisfies the above
identity for some ¢ and s.

Theorem 1. Every algebra in a variety V has a complex algebra of
subalgebras, iff the variety V satisfies the generalized entropic property.

The proof is given in [7].

The Main Results. The generalized entropic property for algebra
A=(4,-,*) with two binary operations means that the following identities hold:

(x-p)-(u-v)=t,(x,u)-s,(y,v),
(X*y)*(u*v):tz (x,u)*s2 (y,v),
(x*y).(u *V)=t3(x,u)*s3 (y,v)’
(x~y)*(u-v)zt4(x,u)-s4(y,v).
Immediate consequences of the generalized entropic property in idempotent

algebra 4=(4,-,*) with two binary operations are the following identities that can
be treated as laws of pseudo-distributivity:

(x*y)-(x*z)=x*s(y,z), (y*x)-(z*x)=t(y,z)*x.
Entropic law for the algebra 4=(4,-,*) implies the following identities:

(x.y).(u.v):(x.u).(y.v)’ (a)
(x*y)*(u*v)z(x*u)*(y*v), (b)
(x*y)~(u*v):(x-u)*(y-v). (©)

Definition 2. Let g and f be m-ary and n-ary operations on the set 4. We
say, that pair of the operations (g, f) satisfies the generalized entropic property, if
there exist terms ¢,...,¢, of the algebra 4= (4, f,g), such that identity (2) holds in
the algebra A=(4, f,g). The (g, f) operation pair is called entropic (or medial), if
identity (1) holds in the algebra 4= (4, f,g).

Theorem 2. Let A=(A4,.*) be an idempotent algebra. If * is com-
mutative and the pair (,,*) satisfies the generalized entropic property, then (-,*) is
entropic.



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2010, Ne 2, p. 55-57. 57

Proof. To prove (c), from the generalized entropic property we obtain:
(x*y)~(u *v) ~ t(x,u) *s(y,v) .

Using the following pseudo-distributive properties

(x*y)~(x*z)=x*s(y,z), (y*x)~(z*x)=t(y,z)*x

and commutativity of *, we get

t(xu)*z~(x*xz)-(u*z)=(z*x) (z*u)~z*s(xu)~s(xu)*z.

So, using idempotency and commutativity of *, we have

t(x,u) zt(x,u)*t(x,u) zs(x,u)*t(x,u) zt(x,u)*s(x,u) ~ (x*x)-(u *u) RX-U.

In the same manner we obtain s(y,v)~ y-v. Thus, from the generalized

entropic property and the last two identities we have

() (urv) =i (xu)xs(v) = (x5u)-(y*v).
Corollary 1. Let A=(A,-,*) be an idempotent and commutative algebra with

two binary operations. If A4 satisfies the generalized entropic property, then 4 is an
entropic groupoid.

Corollary 2. Every idempotent and commutative algebra with binary opera-

tions, satisfying the generalized entropic property, is an entropic groupoid.
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Udhp Ehuwtth
Cunhwipugdus Funpnuhlnipjut hwnlnipjut dwuht

Uju hnpuwédnid wwyugnigymd b, np Epk dhlingt puqunipjut Jpu
npnoyws Epynt hpbdwynunbin gnpénnnipjniuutp (npnughg dkp Ynuninnwnhy k)
pujupupnid kb punhwipugywé tunpnyhlnipejut hwnlnipjutp, wyw npuip
Ypuwupupkl twl Einpnyhlnipjut hwnlnipyuip:

Amup Ixcanu.

006 0000111eHHOM YHTPOIIHYHOM CBONCTBE

[IycTp -,* CyTh MIEMIIOTEHTHBIE ONEpPALMM Ha MHOXECTBE A, U * — KOM-

MYTaTHBHas oOnecpanus. MeEl JOKa3bIBa€M, 4YTO €CJIM IIapa (,*) YAOBJIETBOPAET

0000ILIEHHOMY YHTPOITHYHOMY CBOICTBY, TO napa (-,*) SHTPOIHYHA.



