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dynamics of which is described by a nonlinear differential equation. A balance set 
of strategies is constructed by means of the method of extreme aiming at the 
corresponding set. 
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1. A differential game is considered in the following statement. The 

dynamics of system is described by the differential equation 
                             1( , , ,..., )kx f t x u u=� ,   ,    in

i iu P R∈ ⊂ 1,2,...,i k= .                (1.1) 
Here nx R∈  is a phase vector,  is an operating influence of the –th player,  is 
a compact set in 

iu i iP
inR  space, [ ) 1: , ... knnn n

0f t R R  R∞ × × × × → R  is the vector-
function that is continuous on the set of all arguments at 0t t θ≤ ≤ (  and 0t θ  are 
the given instants of time).  

 Let us introduce the following notations: 

1 kP P P= × ×… , , ( )
1 1 1

i
i iP P P P P− += × × × ×… … k

1( ,..., )ku u u= ,  , ( )
1 1 1( ,..., , ,..., )i

i i ku u u u u− +=
{1,2,..., }K k= , ( ) {1,..., 1, 1,..., }K i i i k= − + . 

It is assumed that function ( )f ⋅  satisfies the condition of infinite 
continuation of solutions, the condition of Lipschitz with respect to x  and there is 
a saddle point for the “small game” [1]. 

Let jϑ  ( 1, ,j m= … ) be intermediate instants of time on [ ,0 ]t θ  interval such 

that 0 0 1 mt ϑ ϑ ϑ= < < < =… θ , and the compact sets ( ) ( )
1 ,...,j j

kM M  ( 1,...,j m= ) satis-
fy the following conditions: ( )

0 0( , , )j
i jM G t xϑ∩ ≠∅  ( 1,2,...,i k= , 1,...,j m= ).   

Here the area of approachability of system (1.1) from the position  at 
an instant 

0 0{ , }t x

jϑ  is denoted as 0 0( , , )jG t xϑ . The set ( )j
iM  is aim set for the -th player 

at the instant 
i

jϑ . 
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Now consider the differential several person game for many aim sets, in which 
each player tries to reduce the n distance  the aim sets at the i stants  total motio from n jϑ , 

i.e. the aim of t  i ( )j
iMhe -th player is to approach the sets  at instants jϑ  ( 1, ,j m ). = …

Let  be an initial position of system (1.1), where 

In this work the questions of existence of balance set of strategies 
concerning to the initial position is considered. 

0 0 0{ , }t x 0( )x x t= , r  is the 

 the instants 

Δ

splitting of ( ) ( )r rhalf-interval 0t t≤ < ∞ , 1 2, ,τ τ …  are splitting nodes, then the 
diameter of splitting will be ( ) ( )

1sup( )r r
r s sδ τ τ+= − . It is supposed that at any splitting 

s

rΔ jϑ  ( 1, ,j m= … ) are splitting nodes, i.e. 

                                  
0

( )
0 0

r
s tτ ϑ= ( )r= 1s, 

1
, … , τ =ϑ ( )

m

r
msτ ϑ θ= = .                       (1.2) 

( )r r
i s s

, the Euler’s broken li
The sectionally positioning control [ , [ ]]su xτ τ  and strategies of players 

nes 
( ) ( ) ( ) ( ) ( )], [ , ]], , [ ]],r r r r s r

i s s s

( ) ( )

iU

1 1

( ) ( ) ( ) ( ) ( ), , [ [ , [ [ ], , [ ] ,
l l k

s r s s
s s i s i ix   x u u t u tτ τ τ

+Δ Δ Δ⎡ ⎤⋅⎣ ⎦  u x xτ τ τΔ… …

genera  ted by the controls of l  players (1 l k≤ ≤ ), are defined on )( ) ( )
1,r r

s sτ τ +⎡⎣  

0,1, )= …  intervals. On the(s  le interval who 0[ , ]t θ  the motion of system
as an absolutely continuous function, for which one can find th  

0, , ,i

 is defined 
e Euler’s broken

lines that uniformly converge to it. By 0[ , ]
li1

X t U…  we denote t  

ements leaving the position 0{ ,t nd generated by the strategies 

1
, ,

li iU U…  of l  players  (1 l k≤ ≤ ). It is called the bunch of movements. 
2. Let the players work for the stab e choice of strategy for 

each player is based on some principle, the deviation from which can result in an 
increase of the gain of other players. Suc nciple is the case at the choice of 

t of trategies de s follows: 

x U he totality

of all mov }x  a

ility of situation: th

h a pri
balance se s fined a

0

Definition 1. The set of strategies 1{ ,..., }o o
kU U  is referred to as balanced with 

respect to the initial position 0 0{ , }t x , if for each number i K∈  any movement [ ]x ⋅  

from the bunch 0 0 1 1 1[ , , , , , ,..., ]o o o o
i i kX t x U U U U− +…  avoids meeting the set ( )jM  up to i

the instant jϑ  for all 1,...,j m= . 
The balance set of strategies of players will be cons ed using the met  

of aiming at the corresponding set [ ]. 
Let the se ] nR

truct hod
1

t  be given in space t θ × , in which for all [ , ]t W 0[ ,  0t θ∈  
( ) { , } }W t x x W= ∈{ t ≠ ∅  and which satisfies the following two conditions: 

Condition 1. The set W  is closed, and for all i K∈  and 1,...,j m=    
( )( )j iW Mϑ j∩ =∅ . 

Condition 2. Irrespective of the position * *{ , }t x W∈ , the number i K∈ , the 
vector *( )i iu P⋅ ∈  and instant of time *

*[ , ]t t θ∈ , there are a  strategiedmissible s 
( )u Pα α , ⋅ ∈ ( )K iα ∈ ,  such that for the solution ( )x ⋅  of differential equation 
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                              i i i k
*

1 1 1( , , ,..., , , ,...,x )f t x u u u u u− +=� ,   ( )x t x∗ ∗= ,                    (2.1) 
it hold , there is as that * *{ , ( )}t x t W∈  (or, what is the same  movement ( )x ⋅  fr

f m
om a 

bunch o ents *
* *[ , , ]iX t x U  such t *( )}t What { ,t x *ovem ∈ ). 

w he set of strategies 1 ,...,e eU U xtreme to set W , that saNo define t  e tisfies 
onditions [1]: 

ion 3. If 

k

the following two c
{ },t xCondit W∉ and { }( ) { / , }W t x t x W= ∈ ≠ ∅ , then for all i K∈  

the  strategies  e
iu U= ound from equality( , )e

i t x  are f  

                        
( )1( ( ))

max ( ) , , , , , ,

min ma

e
i i ku P K i

x w f t x u u u
α α α +
∈ ∈

′−

( )
1 1

1))

, ,

x ( ) , , , , .
i i

i

ku P u P

u u

x w f t x u u
α α

−

∈ ∈ ∈
′−

( (K iα

=

=

…
            (2.2) 

…

…
      

he condition Here w  is watever vector (the same for all i ) satisfying t

( )
min .

w W t
x w x w− = −

∈
 

 4.  If { },t x W∉  or { },t x W∈ ,Condition , but ( )W t =∅  th
arbitrary vector from   for all 

en ( , )e
iu t x  is an 

 iP i K∈ . 
{ },t x W∈ . T h e o r e m  1 .  Let the set W  satisfies Conditions 1 and 2 and 

Then the set of strategies defined b  the Condition  3 and 4 is balanced (in the 
sense on 

y s
{ },t x . of Definition 1) with respect to the initial positi

Proof. Let the i th player ct 
* e e e e

-  sele an admissible strategy . It will be shown 
that 

 iU
*

1 1 1( , , , ,..., , , ,..., ) ( )i i i kx t t x U U U U W t− + ∈  at t tU θ∗≤ ≤ . 

Now denote as ( )( )( ), , ( ), ,{ }, 1,...,j
i jK i i W t M j mϑ =  the differential game 

of two persons, in which the set of players ( )K i  seeks to  o hold ut the movement in 
set  W  by instants jϑ , and the i -th player seeks to deviate the movement of 
system from sets W ( )jϑ , 1,...,j m . =

ined by Conditions 3 and 4 keep the

i

The strategies def  system state in the set 
W  for any movement from 0 0 1 1 1, , , , ,...,е е е е

i k,X t x U U U− +U⎡ ⎤⎣ ⎦…  commenced in it up 

to the instants jϑ ( 1,...,j m ). Therefore, the extreme strategies form barriers 
around the set W p it 

=

 that im ede the ex of movements [ ]x t  from  up to the instants  W

jϑ . H
ement on the set  till th

ence, according to [1] (Lemma 15.1), the strategies 1 1 1,..., , ,...,e e e e
i i kU U U U− +  

uld hold the system mov nstants of time jwo W e i ϑ , 

1,...,j m= , for a  s i , i.e. the set of strategies 1 1 1,..., , ,...,e e e e
i i kU U U U− +  is 

balanced initial positions from W . 
For construction of set W  for the following reasoning w
Let the sets ( ) ( 1,..., )j

ny trategy U

ill be used. 

 

N j m=  are the convex compacts in nR  that satisfy the 
conditions ( ) ( )j j

iN M ∅∩ = ,   i K∈ , 1,...,j m= . 
{ },t x  ( 1r rtϑ ϑ− ≤ <Let the system reach the position ). Now define  
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( )

( )

0 ( )

|| || 1,
, m ( , min

i

m
i

i
l m

t x l x l
β β

ε
= =

= < > + <∑
            

( )i j
θ

            
( )

( )1ma , , , , , ),
i

j kut
l f x u u d   τ τ

∈
+ < >∫ …

if the right hand side is m )

( )

,...,

( ( ))

ax ,

x min

j

i

i
j j

r q Nj r

u P K iP

q

α α α

− ∈=

∈ ∈

> +

     (2.3) 

ore than zero and 0i t xε 0 ( , =  otherwise. Here 
, , ..., ) at

( , , ,..., )
0  at

k jj
k

j

u u     
f x u u

              . 
1( , ,f x  τ τ ϑ≤⎧⎪

1τ
τ ϑ

= ⎨ >⎪⎩
 

                                                  ,                                       (2.4)  

 of their arguments. Now introduce the 

•  denote as  the set of maximizing indexes in (2.4) for position 
, where  and 

Let 
0 0( , ) max ( , )ii K

t x t xε ε
∈

=

0 0( , ), ( , )i t x  t xε ε  being continuous functions
following notations:  

(0) ( , )t xI
{ , }t x 0 ( , ) 0t xε > (0) ( , )I t x K= , if 0 ( , ) 0t xε = ; 

• L t x y of sets of vectors l j r m=

maximizing the functions  (2.3), if  and  completely 

  denote as i  the totalit j   
0 0

0 ( , ) ( ) ( ,..., )i

( , )i t xε 0 ( , ) 0i t xε > ( , )iL t x
coincides with the unit sphere  in position { , }t x , where 0 ( , ) 0t xε = ; i

0 0

0 ( , )
( , ) ( , )i

i I t x
L t x L t x

∈

= ∪ ;  

0 ( 0
m

i i⎧ ⎫ 0 0) ( )( , ) , ( , )j j i
j r

S t x s l l L t x
=

= = ∈⎨ ⎬
⎩ ⎭

∑ ;    
0 ( , )

( , ) i

i I t x
S t x S

∈

= ∪
We assume that the following conditions are sa isfied: 

Condition 5. For each number i K

i i t x . 

t

( , )

∈  and for any position { , }t x , where 
0 i( , ) 0i t xε > , in (2.3) maxima are reached on a unique t jl j r m= . 

Condition 6. In each position , where , for any numbers 
, vector  and index 

 
0( ) ( ,..., ) se

0{ , }t x ( , ) 0t xε >
0{ , }i I t x∈ 0

i iSs ∈ Kα ∈  there takes place 
        )ks t x u u s t x u uf f 1 1max min , , , ,..., max min , , , , , .( ) (

i ii i
i k iu P u Pu P u Pα α α α∈ ∈∈ ∈

< > ≥ < >…        (2.5) 

ther i  there takes lace an 
equali

1(
min ma ,

i i
i i i ku P u P u P

t x u u
α α α αα α − +∈ ∈ ∈

Condition 7. In each position {  where 0 ( , ) 0t xε > , for any number 
e is a vector 0

i iu P∈ , such that for all  is ∈  p
, }t x ,

i K∈  0S
ty 

0
1 1( )) ( ))

max , ( , , ,..., ) x , ( , , , , ,..., ) .kK i K i
s f t x u u s f u u u

∈ ∈
1(

< > = < >…   

         T h e o r e m  2 . 0} Under Conditions 5, 6, 7 the set  W t x t xε 0{{ , }, ( , ) ≤  will =
satisfy Conditions 1, 2. 

f ε  from (2.3
follow  he

 2 will be shown by contradiction assuming that there is a position 

Proof. As from the definition o ( , )t x , i.e. ) and (2.4), there 
s the closure of set nce, the Condition 1 is satisfied. The fulfillment of 

Condition

 0

W ,
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* *{ , }t x W∈ , a number , a vector i K∈ 0
i iu P∈  and an instant *

*( , )t t θ∈  such that 
e solution of differential equation th

                             1 1 1( , , ,..., , , ,..., )i i i k
0x f t x u u u u u− +=� ,    * *( )x t x= ,                    (2.6) 

for any ( ( ))u   K iα α ∈ , l *eaves the set  at the instant . Now choose vectors  W *t uα , 
( )iKα ∈

,

min , , , ( ,
u P

s

<s u u s S tα−∈
= > ∈

, satisfying the Condition 7: 

        

*
1 1 1( ( ))

0
1 1 1( ( )

max ( , , ,..., , , ,..., )

max ( , , ,... , ,..., ) , ).

ku P K

ku P K

f t x u u u u u

  f t x u u u x

β β

α α β β

α α αβ α

α αβ α

− +
∈ ∈

+
∈ ∈

< > =

    (2.7) 

Here ( )
)

x ⋅  is a solution of equation (2.6) for controls from (2.7). Then 
e assumptions there is an interval t t ⊂

d 1 1 2 2(
From ))t  is a differentiable function of 
ost everywhere on  and 

     

according to abov *[ , ]t t  such that 1 2 *
0 ( , ) 0t xε >  almost for all 1 2[ , ]t t t∈  an 0 0( , ( )) , ( ))t x t t x tε ε< . 

 [1, 2] it follows that 0

[ , ]
 

0: ( , (t t xε ε→

1 2[ , ]t t 0 ( , ( ))p I t x t∃ ∈  t  alm
0

( ) * * 0 * *
1 1 1

( )
1 1 1( ( ))

min max ( , , ,..., , ,
p p

j r

m
p

j p p pu P

( , ( ))( , ( )) , , , ,..., , , ,...,

, , ) .

( )
mp p

j i i i k

ku P

d t x td t x t l f t x u u u u u

u

εε
− −

K pj r

dt dt

l f t x u u u u
α α α

=

− +∈ ∈ ∈=

= = < > −

>

∑

…

Afte s with d ard for (2.7) from (2.8) we obtain 

− <∑
   (2.8) 

r transformation ue reg

1,
, ,

1,
, ,

( , ( )) max m ( , , ,..., )
i uP

d t x t f t x u u
dt ρ

ε
∈∈

≤ < > −in min ,

max min min , ( , , ,..., ) 0.

α αi

i i α αp p

kP u Pu
α K α p i

ku P u Pu P
α K α p i

s

   s f t x u u

ρ

ρ

ρ

∈
∈ ≠

∈ ∈∈
∈ ≠

− < > ≤
 

The validity of the last inequality follows from Condition 6. It turns 

almost everywhere on the interval 

out that 

1 2[ , ]t t  0pdε
dt

≤ , but 2( , ( )) ( , ( ))t x t t x tε ε≥ , 

what contradicts the assumption. Hence, the Conditi
Thus, it is shown that for differential several person games in case of many 

aim sets the strategies, extreme to a corresponding stable set, make a balance set 
with respect to initial positions. 
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