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In the present article a class of first order linear differential operators with
unbounded coefficients is investigated. The compactness of operators is proved.
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Let Qc R", n>2, be a bounded domain with smooth boundary 60 e C".
Consider the first order differential expression

Tu = (b(x), Vau(x)) - div(c(x)u(x)) + d(x)u(x), ueW,(Q),
with coefficients 5(x) = (5" (x),....b" (x)), c(x)= (P (x),....c"(x)) and d(x) that
are measurable and bounded on each strong inner subdomain of the domain Q.

For an arbitrary u,v e W21 (Q) define
(Tu,v) = I ((b(x), Vu(x)v(x) + (c(x)u(x), Vv(x)) + d (x)u(x)v(x))dx, ve W21 (0).
0
Assume that the coefficients E(x), Z(x) and d(x) satisfy the conditions

‘B(x)‘zO s v o0,
r(x)

where r(x) is the distance of a point x € Q from the boundary 0Q,
[1C*(H)dt <0 with C(¢)= sup E(x)‘,
0

r(x)=t

[D*(t)dt <o with D(1) = sup |d(x)|.
0

r(x)=t
In [1] it was shown that 7 is a bounded linear operator from WZ1 (Q) into

WZ_I(Q) . The aim of this article is to obtain conditions on coefficients E(x),Z(x)
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and d(x), for which T is a linear compact operator from Wz1 (Q) into Wz_l ().

This property has important applications in studying the solvability of the problems
of mathematical physics, see, for example, [2, 3].
We prove the below theorem.

Theorem. Let the below conditions hold

‘E(x)‘ :O(LJ as r(x) >0, (1)
r(x)
and there exist monotone functions @,(t) >0 ,as t > +0, i=1,2, such that
2
J uSH0) dt <o, where C(t)= sup c(x)‘ (2)
0 () rx)2t
= DO 4y < 0. where D(f) = sup (). 3)
o (1) r(x)2t

Then the operator 7' is a compact linear operator from W, (Q) into W, ' (Q).
Proof of Theorem. We shall follow the scheme of proof of the theorem from [1].
Let x° €00 be an arbitrary point of the boundary 80 of the domain Q

and (x',x,) be a local coordinate system with the origin x° and the x, axis

directed along the inner normal v(x°) to 4Q at the point x°. Since d0 € C', there

exists a positive number r, >0 and a function ¢, € C'(R"™") with properties
¢,(0)=0, Vg ,(0)=0 and ‘V(pxo (x’)‘ S% forall x'e R"™,

such that the intersection of the domain O with the ball U , G _ {x:lx—x"|<r o} of

radius 7, and the centre x° has the form QﬂU:;‘ (' ) N{(x'x,):x, > @.o(x"}.

r r rx
(ro) _ (o)ﬂ{(x x,):x, =@, (x)}. Let [ . . From the cove-

"2

ring {Uii-*"),xo €0Q} of the boundary 0Q select a finite subcovering U)(Ci:"")

Then 00NU y

m=1,..., p . Denote for simplicity Uil;r”) byU, , r.byr,, L,byl,, ¢,by

12 2
, m :1,..., CSet h=—| ————
o P 3[\/5 2 J

“cylinders * [1%" = {(x',x,):| x'|<L,, 0, (x) <X, <@, (x+h}, m=1,...,p,

and alsoby U, NQ (recall that (x',x,)
are the coordinates of a point in a local system of coordinates with origin at x™).
Let /,<h be such a positive number that the complement of the domain
0, ={xeQ:r(x)=dist(x,00)>1,} in Q is contained in the union of the

min(#;,...,7,) . Then each of the curvilinear

is contained in the corresponding ball U

m?

p
“cylinders” [T"", m=1,...p, ie. Q" ={xeQ:r(x)=dist(x,00) <} c Ql 1"
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Easily verified that for all x=(x",x,) e H,i,h , m=1,..,p,

r(x)<x, =@, (x) < %V(X) :

We fix an index m, 1<m<p, and take a local coordinate system with
origin at x".

Now define mappings L and L, of the space R" onto itself by relations
L(x)=(x',x, =@, (x)), where x=(x'x,) and L,(y)=("y,+¢,(") with
y=(»',y,). The image of Hin"’ " under the mapping L will be denoted by l:[fnh
LT =TT

Consider the sequence of operators

Tou = (b (x), Vu(x)) = div(e, (Du(x)) + d, (Du(x), ueW,(Q), k=12,.
B B(x), if r(x)>l, c(x), if r(x)>%, d(x), if r(x)>%,
bi(x) = G (x)= di(x)= 1
0, if r(x)<—, 0, if r(x)<—, 0, if r(x)<—.
(x) . (x) . (x) .

It can be readily verified that the operator 7, is a compact linear operator from

VI;;(Q) into W;_I(Q). Indeed, let {w(x)} be a bounded set in VI;ZI(Q). Then sets
{(Zk(x),Vw(x))}, {cx (x)w(x)} and {d,(x)w(x)} are bounded in L,(Q) and by

that are compact in Wz_l(Q) (see, for example, [4]). Hence, for the proof of the
theorem it is sufficient to show that ||T - Tk” —>0 as k—>oo.

. . 1 .
Without loss of generality we suggest that k>— and functions @, (?),
0
@,(t) are positive. In view of (1) there exists a monotone function ¢(t) — 0, as

t —> +0, such that ‘E(x)‘ S@. For ue WZI(Q) and 7€ Cy (Q) consider
r(x

(T =Touwn)= [ (B0, Vue)n()+ € @ux),V n(x)) +d(xux)n(x))dx.
Ql/k

Denote u(y',y, +@(yN=u(y), n(y'y, +e(y")=1(y).
Due to (1), (2) and (3), we have

| ((T—]]{)u, 77>| < .[ (S(V(X))|VM(X)| |77(x)| n C(r(x))|u(x)| |V 77(x)| + D(r(x))|u(x)||77(x)|]dx <
Q,'/(

r(x)
1Y ¢ V) o) 12 (l} _Qux)
Sg(kjglj‘/kde-l—a41 k Ql.':k 0%1/2(l”(x))|u(X)”V77(x)|dx+ (4)

A1) [ D)
e (kjgjk Rty N
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Let us estimate

o g Bl e, ¢ Pl
oV I”(X) ol I”(X) m=1 [ V(.X')
In view of the Hardy inequality (see, for example, [5]) for m=1,..,p the
following estimate holds:
1/2 1/2
A% \% 7
J. | u(X)||77(X)| J- | u(y)||77(y)| \/7 J' |Vﬁ(y)|2dy -[ n (2)}) ly <
[T r(x) H’ ) 1515,’;1,11 [linh W
172 172
<5 [n&hwu(x)rde {nj %dy} < const il g [l 0
Thus,
Il < const "u”n;;(Q) ||77"V;2‘(Q) ’ )

where the constant does not depend on u and 7 .

Next I, = [ C(r(x))| @)||V7(x)| dx < j %Iu(x)llvn(ﬂldxé

1/k
7 W (r(x)) or ™

<3 | o SV ol
m= ll'[l h 1

For m=1,..., p we have

1/2
C(r C?
T el atolacs [I e >de i<

I @[ﬁi :)J Fomt | o | % :jjynw oiefass | g

2 1/2
c*l =
(ﬁy"J b
2

h
<\ [dy, vo | [drVay ol | il g <
]

m!

‘y"<lm 0

1/2
(&)
h yn
<¢5£ ( 2uy | el o Wl 0,
“ fy"J

I, < const”u”njzl(Q) "77”@(@ , (6)
where the constant does not depend on u and 7 .
Similarly we obtain

Thus, we get
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D(r(x)) D(r(x)) & D)
L= | ————ux)||nx)dc< | ————u(x)||77(x)|dx < ————u(x)||n(x)|dx.
Finally, for m=1,..., p we get
D(r(x)) D(zsy j
rx dx < 1 7 dy <
n{r{w ' * (r(x)) |u(X)”77(x)| * ﬁi[w ;/2(2}} j|u(y)||r7(y)| g
5 n
) 1/2
D? (yn] ) 1/2
< S i oy [ ) dy} <
i wz(ynj et P
V5
5 1/2
(3],
<const| [ — I fwacofdrdy |l <
0

]:[I,;"’h 0)2 (jgynj
2
P )
h n
< const jﬁyidn ”“”w;;(Q) "’7

Oa)Z ﬁyn

1/2

wi)

Thus,
I < const”u”n};(g) ||77”W;2‘(Q) ’ "

where the constant does not depend on # and 77 . From (4)—(7) we obtain the estimate

1 1 1
|<(T -T, )u,77>| < const[s[zj +a? (Ej + o, [ZDM”H@@ ”77”@(9) ’

where the constant does not depend on u and 7 .

From this it immediately follows that ||T -T, || < const(g(%] +a)” (%) + ) (%D

and consequently ||T —Tk” — 0 as k > . The Theorem is proved.
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