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PROPAGATION OF A HARMONIC WAVE IN A PLATE WITH
SYMMETRIC STRUCTURE

A.V.MELKONYAN", S. V. SARKISYAN
Chair of Mechanics, YSU

In this paper a three-layer plate with symmetrical structure to solve the prob-
lem of determining the properties of the middle layer, which can propagate the
harmonic wave in three-layer plate with phase speed equal to the phase speed of a
single-layer plate.
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The research of problems about propagation of waves in plates takes the
beginning from works Rayleigh [1] and Lemb [2]. The similar problems are
investigated in works [3-5]. In work [6] the problem of propagation of a plane
harmonic wave in the reinforced layer is considered.

1. Consider the three-dimensional problem of propagation of harmonic
waves in elastic sandwich plate with symmetrical structure thickness 2/ . On the
lanes, limiting plate, given the condition of vanishing normal stress, a shear stress
and a tangential displacement. The middle layer of plate concluded between the
planes z=+h.

For the equation of elastic wave propagation in a plate (the Lame equation)

¢l A, +(ck, —c2,)graddivii, =1, (1.1)
the Lame transformation is introduced
u, =grade, +roty, (divy, =0). (1.2)
1/2
Here the following well-known notations are accepted: c,, = [i";ﬂj ,

1/2
C,n =(ﬁ] are respectively the propagation velocities of longitudinal and
Pa

transverse waves in the material of the layer with number a (¢, =¢;5, ¢, =¢3,),
a is the number of layer, & =1,2,3, ii, =u,i +u,,] +u,k is the displacement
0 0 o = 0%
vector, A=} +0;+0;, 0,=—, Oy =—, Oy =—, U, = N
ox oy oz ot
v, (x,y,z,t) are the dynamic potentials, A, and p, are the Lame coefficients.

> cpa(xayaz:t) s
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At the substitution of (1.2) in equation (1.1) the following wave equations
are obtained

AQy =Caty =0, AV, —c 3y, =0. (1.3)
The general solution of (1.3) is represented as
(Da (xayazat) = ¢; (Z) : expi(klx + kzy - th):
l/ja (xayazat) = 1/7; (Z) : eXpi(klx + kzy _th)'
Pursuant to (1.4) the equations (1.3) are reduced to ordinary differential

(1.4)

equations for unknown functions gz); (z) and W; (z). Solving these equations for

dynamic potentials we have
o, (x,y,z,t)=(A4,shv,z+ B,chv, z)-expi(kx+k,y —ckt),

- “ (1.5)
v,(x,y,z,t)=(C,shv,,z+ D, chv ,z)-expi(kx+k,y —ckt),
where
C2 02 6‘2
va =k*(1-1,0,), va, =k*(1=n,), n,=—, 0, ==, k> =kl +k;, y =2,
Ca2 Cal P

c is the propagation velocity of the harmonic wave, 4,,B,,C,(C,,,C,,,C,3),

al>ba2sbg
D,(D,,,D,,,D,;) are unknown constants.

According to the transformation (1.2) and the Hooke law the displacements
and stress components are expressed in terms of the dynamic potential by means of

the following formulas:

U =0,Q+0,0/3—03y,, Uy =0,p+03y —0Ws, Uy =00+0y, —0,

0y, =201 ¢+ 0,0, ~ 0,03%,) + A,

3y = 2440300+ 0,039, — 0,0,3) + AAg,

033 =2u(330+ 0,051, —0,03p)) + A, (1.6)
O, = 1(20,0,0+ 8,03y, — 0,03, +O3ys —Brys),

Oy = (20,0500 + 0,035 — 0,0, + Oy, — B3y,

Oy = (20,050 + 0,0,, — 0,035 + O3y, — O3y,

For determination of constants 4,,B,,C, and D, one should use the boun-
dary conditions and the conjugation conditions on the planes z =+/A. Assuming
that on the interfacial planes z=+H the boundary conditions are specified

0,,=0, 05,=0, u,=0. (1.7)

The conjugation conditions in case of z =t/ take the form

= = 1 _ —(2) O _ (2) 1 _ (2)
Uy =U, O3 =013, O3 =03, 033 =033 . (1.8)

Substituting (1.5) in equations (1.6) and using the boundary condition (1.7)
and (1.8), we obtain a system of eighteen linear homogeneous equations with
constants A4,, B,, C’a and D,. The characteristic equation for determination of

harmonic wave velocity in a three-layer plate is obtained by equating the
determinant of this system to zero. Below we consider two versions that are related
to solving the problem of periodic wave propagation in an elastic layer [6].
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2. Consider a partial solution for the first layer
@ = Ashvz-expi(kx+k,y—ckt), y,, =D, chv,z-expi (kx+k,y—ckt),

2.1
Wy, =D,chv,z-expi (kx+k,y—ckt), y,; =Csshv,z-expi (kx+k,y—ckt) @1
and for the second layer
@, = B,chv, z-expi(kx + k,y —ckt), y,, =C,shv,,z-expi(kx+k,y—chkt), 22)

W,y =Cyoshvy,z-expi(kx + kyy —ckt), v,y = Dyschvy,z-expi(k x + k,y —ckt).
Solution (2.1) for the first layer corresponds to the antisymmetric form vibra-

tions, and (2.2) for the second layer corresponds to the symmetrical form vibrations.
Keeping in mind that divy, =0, divy, =0, we obtain after substitution of

(2.1) and (2.2) in equations (1.6) and are regard for boundary conditions (1.7) and (1.8)

(A +24 )V = 4K shvy H - 4 =2k, 11,8004, H - D+ 21k gyvipshvi, H - Dy =0,

2ikvy ,chvy H - 4 +ik,v,,chvy, H - Cp + kkychv, H - D, — (ki +Vviy)chv,,H - D,, =0,

ik,shvy H - 4 —ikshv,,H - C5 +v,shv, H - D, =0,

vy, -G, +ik, - Dy, +ik, - D, =0.

2ikvy,chwg - A4 +ikyvi,chvih- Gy +hkochh By =( VG )chwyh- D, =

= 2k, shviyh- By +ikyvyshvh- Dy +kihoshvigh- Gy =( V3, )shvioh-C),

2ikyvy et - A —ikvipchgh- Gy —kikychviph- Dy, +(k; +v5)ehviph- D, =

= 12k, v h- B, =ikvshvoh- Dy —bileshvy,h- Gy +(k; +15 shvph-Cy),

(A +2u4 V), =4 )shvi e A —=2ikypqviyshvioh- Dy +2ik pgvishviph- D, =

=((4 +216V3 = 2o )chvy 1 B, =2ikey Vv Gy, + 21k pvchvigh- G, (24

ikshvi,h- 4 +ik,shvi,h- Gy —vipshwph- D, =ikchvy h- B, +ik,chvy,h- Dy —vy,chvyh- G,

thshv h- 4 —ikshviyh- Gy +vishvih- Dy =ik,chvyh- B, —ikichviph- Dy +vychvph- Gy,

v, .chwvi,h- 4 +ikchvyh- D, —ik,chv,h- D, =v, shvy h- B, +ikshvyh-C, —ikshvy,h-C,,,

o - Gy +iky- Dy +iky - D, =0,

Vi - Dy ik - Gy +iky - Gy =0,

where y =1,/ 4.

For existence of nonzero solutions of (2.3) and (2.4) it is required that their
determinants be zero. From this condition we obtain the following dispersion equation:
thvy, H _ 4Jd-m6)(1-n) 2.5)
thvi,H  (2- 771)2 - 52771(1 —1) ’
Vi2

thv),h-thv,,h= , (2.6)
VX

JI=rm, 1_6’27727/’722)(‘7114112%1“22 —J1=6m,J1-1, (2_2}(_7”72)2%%1 +
HE=-m)x+m, _2)2‘111“22 "‘4\/1_791772 \/1_92772 \/1_7/’72 \/1_772 (—1+;{)2a12a21 -(2.7)

=101 1=, 7t = 1= O, 1=y, (2 —13,) = 2) a1, =0,

where &=k, /k, a; =thv;h,i,j=12.

2.3)
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From equation (2.5) the wave propagation velocity ¢ is determined as a
function of wave numbers k,,k,, the plate thickness 2/1 and the dimensionless
parameter 6. The dispersion relations (2.6) and (2.7) determine the conditions
imposed on the middle layer of plate to make possible the propagation of a har-
monic wave with phase velocity c. If the ratio H/h, 6,,6, and y, as well as the
value of the phase velocity ¢ (7,) of equation (2.5) [7] are known, then from (2.6)
and (2.7) y is found depending on kH . Note that (2.7) is a quadratic equation
with respect to y . Fig. 1 (from (2.6)) and 2 (from (2.7)) show the dependence y

on kH (0<kH <9) for H/h=2, leé, szé and y=4.
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Fig. 1. Fig. 2.

3. Now consider the following particular solution for the first layer
@, = Bchv, z-expi(kyx + k,y —ckt), vy, =C,shv,,z-expi(kx+k,y—ckt),

3.1
Wy, = C,shvy,z-expi(kyx + k,y —ckt), y,; = D;;chv,,z-expi(kx + k,y — ckt) G-1)
and for the second layer
@, = Ashv, z-expi(kyx +kyy—ckt), w,, =D, chvy,z-expi(kx+k,y—ckt), (32)

W,y =Dychvy,z-expi(kx+k,y —ckt), v, = Cyshv,,z-expi(kx + k,y — ckt).

Solution (3.1) for the first layer corresponds to the symmetrical vibration

mode, whereas (3.2) for the second layer corresponds to the antisymmetric
vibration mode.

Substituting (3.1) and (3.2) in equations (1.6) and using the boundary
conditions (1.7) and (1.8) and having in mind that divy, =0, divy, =0, we get:
(A4 +2)Vy = Ak )ehvy H - B = 2ikypavichviy H - G+ ik pvich vy, H - Gy =0,
2ikyvy,shvy H - B, +ikyvi,shv, H - Dy + kikoshvi, H - G, — (k +viy )shvi, H -G, =0,
ik,chv, H - B, —ik,chv,H - D;; +v,chv,,H - C}, =0,

Vip - D3 +ik, - G +ik, - G, =0,

(3.3)
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2ikvshvyh- B +ikyvishvoh- D +kkyshvih- G — (ki +v{y)shwph- G, =
= A2k chvy e A +ikyvchvih Gy +hikchvnh- Dy —(k +vi)chviph-Dy),
2k shv h- B —ikvipshvoh- Dy =k kyshvih- G, +( +vfp shwph- G, =
= JA2ikyy vy Ay —ikvychvih Gy —kikchvh Doy +(ky +v3 )hviph- Dy,
(4 +2/‘-ﬁ)‘/lzl _%kz)ChVnh'E =2k gviochviph- Gy +2ik gqvichviph- G, = (3.4)
=((A +24 V5 — Ak Yshvyh- Ay =il pvishviph- Dy, +2ik g vshvih- Doy,
ikichv, h- B +ikchv,,h- D, —vi,chvi,h- G, =ikshvy, h- 4, +ik,shvy,h- Gy —vy,shvyph-D,,,
thychv h- B —ikichviyh- D +vipchviph- G, =ikoshvy he A4 —ikshvi,h- G +vyshviph- Dy,
vishvyh- B +ikshviph- G, —ikyshviph- Gy =vychwy h- A +ikichvyph- Dy —ikychviph- Dy,
Vio - Dy +iky - Gy +iky - Gy =0, vy - Cy +iky - Dy +iky - Dy, =0,

For existence of nonzero solutions of (3.3) and (3.4) it is required that their
determinants were equal to zero, whence we obtain the following dispersion equation:

thv, H :(2—771)2—62771(1—771)’ (3.5)

thvi,H 4 J0-n60)1-n)

thv,,h- thvy,h = Viﬂ : (3.6)

12
\/1_761772 1_7727”722}(”11‘112“21‘122 _\/1_791772 NS> ((2_772)7(_2)2“11‘121 +
HQ2=1,) 7= 111, +2) @05, + 1= 181, 1= Oy 1=y 1= 1, (14 1) a4, + (3.7)

+\/1_7’72\11_027727”7221_\/1_62772 JI=m (2(1_)()_7772)2%2“22 =0.

As was mentioned above, having the values of phase velocity c¢ (771)

determined from equation (3.5) and of ratio H/h,6,,6,, and y from equations
(3.6) and (3.7), one can find y, i.e. the Lame coefficient of the intermediate layer

of the plate, in which the propagation of harmonic wave with phase velocity, equal
to that with ¢ (77,) of a single-layer plate was possible.

Note, that when the three-layer plate passes into a single layer, the dispersion
relations (2.6), (2.7) and (3.6), (3.7) become identities, and in case of £=0 these

relations coincide with the relevant relations given in [6].
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