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The functional programming language, which uses the set {car, cdr, cons,
atom, eq, if then_else} of built-in functions is Turing complete (see [1]). In the
present paper the minimality of this set of functions is proved.
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1. Introduction. In [1] it is proved that any functional programming
language, which uses {car, cdr, cons, atom, eq, if then_ else} built-in functions is
Turing complete. Theorem 3.1 of this paper shows that the set of built-in functions
®={car, cdr, cons, atom, eq, if then_else} is minimal for functional programming
languages, which use more than two atoms. Theorem 3.2 shows that the function
eq is representable in a functional programming language, which uses only two
atoms and the set @ \{eq} of built-in functions; this set is minimal for functional
programming languages, which use only two atoms and it is the only proper subset
of the set @, which is minimal for such languages.

2. Definitions and Preliminary Results.

Definition 2.1. Let M be a partially ordered set, which has a least element L, and
each element of M is comparable with itself and | only. Let us define the set Types:

1. MeTypes;

2. if ay,...,a,, peTypes, then the set of all monotonic mappings from
o1x...%a, into B (denoted by [aX...xa,— f]) belongs to Types.

Definition 2.2. Let aeTypes The order of the type « is a natural number
(defined as ord(c)), where:

l.if ¢ =M, then ord(a,)=0;

2.if a=[a, x..xa, > f], a;,...a
=max(ord(a,),....ord(a,), ord(f)+1).

For each a e Types we have an « type countable set of variables V.

p € Types, then ord (e, x...x &, = f]) =

ns’

Let ae Types, ord(a)=n, n>0. If cea, i.e. c is a constant of type a, then ord(c)=n.
If xeV,,i.e. xisavariable of type a, then ord(x)=n.
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Let V= |J V,and A= |J A,,where A, is a set of typed A-terms of

aelypes aelypes
type . Let us define the set of all terms A.
1. If ceq, aeTypes, then ceA,.
2. If xeV,, aeTypes, then xeA,.
3. Ifre A xa,ppli € A, .ay,....a,,p€Dypes,i=1,...k, k>1,then (t,...t,) €A,
4. If ¢ €Ny, x, €V, ay,.a, feTypes, i+ j=x, #x;, i,j=1,..k, k=], then
Ax..x[r]e A
The notions of a free and bound occurrence of a variable in a term and the
notation of a free variable of a term are introduced in a conventional way. The set
of all free variables of a term ¢ is denoted by FV(¢). Terms t,, ¢, are said to be
congruent (which is denoted by ¢, =1, ), if one term can be obtained from the other

by renaming bound variables. Congruent terms are considered identical.
Definition 2.3. A functional program P is a system of equations of the form

F =1

[agx..xa,—f]

, )
Fﬂ = TH

where  F eV, i#j=>F=#F, 1,€A,, o €lpes, FV(r)c{F,.. .F,},

i,j=1,...,n, n > 1, all used constants have an order < 1, constants of order 1 are
computable functions and ay=[M*— M], k> 1. In [2] it is proved that any program
(1) has a least solution. Let <fi,..., f,>eax...X; is the least solution of the
program P, then f, = f; will be the fixpoint semantics of the program P.

We will consider functional programming languages (see [3]), which are
defined with the following quadruple L=(M, C, V, A(C, V)), where M is a partially
ordered set, which has a least element |, and each element of M is comparable
with itself and L only, C =MUY, ¥ is a set of built-in functions, A(C, V) is the
set of all terms, which are constructed using constants and variables only from the
sets C and V. By gp(L)we will denote the set of programs, for which F;eV,

e N(C, V), i=1,...,n, n >1.
Definition 2.4. We will say that the function fe[M * — M), k > 1, is represen-
table in the language L, if there exists a program Pe ¢ (L) such that f,=f, where f,

is the fixpoint semantics of the program P.

Definition 2.5. The set of built-in functions ¥ is called minimal for the
language L=(M, C, V, A(C, V')), where C=MUY, if for any function fe'¥,
f is not representable in the language L'=(M,C',V,A(C',V)), where
C'=MuUM\{f}).

The notions of fand J reductions are given in [4].

We will use the interpretation algorithm FS (full substitution and normal form
reduction). The completeness of the interpretation algorithm £S follows from [4].

We will consider a finite set of atoms, Atoms={a,...,a,}, n=>2, which
contains at least two elements (7, nile Atoms). T and nil correspond to logical true
and false values respectively.
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Definition 2.6. We define the set of S-expressions as follows:
1. If te Atoms, then teS-expressions;
2. If t,...,t, eS-expressions (n > 0), then (¢, ... ¢, ) S-expressions.

If I=(¢t,...t,), t,,....t, € S-expressions (n > 0), then [/ is called a list. In the
case n=0, the list is empty and denoted by nil (which also corresponds to the
logical false value). In the case n > 0, #, and (¢, ... ¢,) are correspondingly called
the head and the tail of the list /.

Let M=S-expressionsu{L} be a partially ordered set, where L is the least
element of M, and each element of M is comparable with itself and L only.

We will consider the following functions, where car, cdr, atome[M—M],
cons, eqe[M*—M), if then_elsec[M’—M],

my, if m=(m ...m,), m €S-expressions, i=l,....k, k=1,
car(m)= .
1, otherwise;
nil, if m=(m,), m, € S-expressions,
cdr(m)y=4(my --- my), if m=(m, ---my),m, € S-expressions, i=l,...,k, k>1,
L, otherwise;
(my), if m, € S-expressions, m=nil,
cons(my,m) =1 (my,m, --- my), if m=(m, --- m,),m; € S-expressions, i=1,....k, k>1,
L, otherwise;
T, if meAtoms, T, it m, m, € Atoms, m, =m,,
atom(m) =+ nil, it me Atoms, me¢L,  eq(m,m,)=1nil, if m,, m,eAtoms, m, #m,,
1, otherwise; L, otherwise;
m,, it m, € S-expressions, m, #nil,
if _then_else(m,,m,,my)=<my, if m =nil,
L, otherwise.

3. TheMain Results. Let ® = {car, cdr, cons, atom, eq, if then else}.

Theorem 3.1. The set of built-in functions ® is minimal for the
language L=(M, C, V, A(C, V)), where C=M\U®, which uses more than two atoms.

Theorem 3.2. For the languages, which use only two atoms, we have:

a) the function eq is representable in the language L=(M, C, V, A(C, 1)),
where C=MU(D\{eq});

b) the set of built-in functions ®\{eq} is minimal for the language
L=(M, C, V, A(C, V)), where C=MU(D\{eq});

c) for any function fe®\{eq}, f is not representable in the language
L=(M, C, V, A(C, V)), where C=MU(D\{f}).

The proof of Theorems 3.1 and 3.2 will be deduced from Lemmas 3.1-3.6.

We will consider the following notion of éreduction:

1.<f(m)), m>ed, where fe {car, cdr, atom}, m;,meM and fim,) =m;

2.<g(my, my), m>€d, where ge {cons, eq}, my, my, meM and g(m,, my) =m;
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3.< if'nil then t, else t,, t,>€ 5, where ¢, t,e Ay

4.< if m then ty else t, t;>€ 6, where meM, m=nil, m#L, t|, tbe Ay

5.< if L then tyelse t,, 1>€ 7, where t|, the Ay,

In [4] it is given the definition of real notion of &reduction. Also from [4] it
follows that the defined notion of &reduction is real.

To each term ¢ €A, acTypes, we will correspond a set C°(f), which
contains constants of order 0 of the term ¢:

1.If t=c, ceM, then C°(t)={c}. If t=c, cea, acTypes, ord(a)#0, then
C'(H=2;

2.1f t=x,xeV, then C°(H)=2;

3 t=1@t,...t)) €ApTEN 4 v

then C°(z(t,,...,t,))=C"(r) U C () L...uC°(,);
4.1f 1=2x ... x[r]e A

N eAai,a,.,,BeTypes,izl,...,k,kZl,

TEAﬂ, X EVa,» o, peDpes,i=1,... .k k=1,

oy x.. xo,—>p]°
i#j=x=x;,1i,j=1..k, then C°(Ax, ... x,[z])= C°(2).

Let us define the change of underlined m by m' in a term ¢ (denoted by
t{m=m'"), where telL,, acTypes, m, m' e M.

1. Ift=c, c € a, a eTypes, then

1.1. If t = m and m is underlined, then m’;

1.2. Ift=(sy ... s0), sieM, n >0 , then t{m=>m'}=(s, {m=>m'},..., s,{m=>m'});

1.3. Otherwise, t;

2. Ift=x, xeV, thent,

3. Ie=r(t,...00) €Np, TEN s o, p1>

k>1, then 7(¢,,....t, ) {m=>m'}=t{im=>m'}(t,{im=>m'},....t, im=>m'});
4. If t=Ax..x[r]e A TeNs, X, ev,, i=1...k k>1l,a,..q,

pelypes, i#j= x#x;, i,j=1,.. .k, then Ax,... ;[ [{m=>m'}= Ax;.. . x;[ 7 {m=>m'}].
We will say that term ¢ is obtained from term «(, ¥ €A, acTypes) by
changing m, by m'y,...,m, by m', (denoted by t{m,=m'y,..., m,—m',}=t"), where
m;, m'.eM, izi=m#m;, i,j=1,...,n, n>1, if there exist terms f,...,t, € A, such
that =ty, '=t, and t;{m=m';}=t;1,, i=0,...n—1, n >1.
Let us consider the functional programming language
Li=M, Cy, V, A(Cy, V)), where Ci=MU(D\{car}).
Lemma 3.1.The function car is not representable in the language L;.
Proof. We will prove this Lemma by contradiction. Let us assume that the
function car is representable in the language L,. That means there exists a program
Piep(L1), (F1€Vim) such that fp=car. We consider the action of the

interpretation algorithm FS for two cases: FS(P;, F1((1))) and FS(Pi, Fi((nil))).
FS(Py1, F1((T))) and FS(Py, F1((nil))) are definied, because car((T)) and car((nil))
are defined and the interpretation algorithm FS is complete.

If FS(Py, F1((1)))#T, then fp #car , and we will get a contradiction. So, let

us assume that FS(Py, F1((T)))=T . We will show that FS(P,, F\((nil)))=T#nil, so,
Jp#car and we will get a contradiction again.

t; eAai, a,pelypes,i=1,...,k,

oy x..xa —>f]°
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In the term F((7)), which is an input data of the interpretation algorithm
FS, the atom T will be underlined. So, we will consider FS(P,, Fi((T))) and
FS(Py, Fi((nil))).

We will consider two sequences of terms ft,--- and 4,79, .
t=F1((1)), and for any i >0, ¢, is obtained from #; by applying one step of the
interpretation algorithm FS with input data P, and #. Also let ¢ 4=F((nil)) and for
any i >0, t7,; is obtained from ¢} by applying one step of the interpretation
algorithm FS with input data P, and ¢%.

There exists #n >0 such that ¢, =T, because FS(P,, F\((T7)))=T, and the term
t+1 1s obtained from ¢ by applying one of the steps of the interpretation algorithm
FS with input data P, and ¢.

By induction it can be proved that for any 0 < I < n, T ¢ Ct,) and
t{T= =nil}=t. So, we get FS(P,, Fi((nil)))=T=nil.

This contradiction proves the Lemma.

Let us consider the functional programming language
L,=(M,C,, V,ANC,,V)), where C, =M U (D \{cdr}).

Lemma 3.2. The function cdr is not representable in the language L,.

Proof. The proof of this Lemma is similar to the proof of Lemma 3.1. Here

we consider the work of the interpretation algorithm FS for two cases:
FS(P,, F1((TT))) and FS(P,, F((T nil))). By induction it can be proved that for any
0<i<n, T ¢Ct), C° (#;) does not contain a list containing a sublist with head 7 and
t{_T=nil}= t’. So, we get FS(P,, Fi1((T nil)))=(T)#(nil). Consequently, we get a
contradiction, which proves the Lemma.

Definition 3.1. To each meM we will correspond a natural number 4,
(we will call it the count of atoms of m):

1.If m=1, then 4,= 0;

2.If m € Atoms, then 4,= 1,

3.1 m=(m; ... m,), m;e M, i=1,...,n,n >0, then 4, = Am1 +...+Amn .

Let P be a program. Let {m;,...,m,} be the set of constants of order 0 used in
the program P, where m; € M, i=1,...,n, n >0. By Ap we will devote the following:

Ay =max{d, ... 4, }+1.

Let us consider the functional programming language
L,=(M,C,, V,A(C,TV)), where C; =M U (D \{cons}).

Lemma 3.3. The function cons is not representable in the language L;.

Proof. The proof of this Lemma is similar to the proof of Lemma 3.1. Here
we consider the work of the interpretation algorithm FS: FS(Ps, F\(TT")), where
T'=(T...T). By induction it can be proved that for any 0<i<n

Ap,

max{4, € Co(tl.)} < 4p.So, we get FS(P,F(T,T")#(T...T'). The contradiction
3 %,—/
Ap,+1
proves the Lemma.

Let us consider the functional programming language
L,=M,C,, V,A\NC,,V)), where C, =M U (D \{atom}).
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Lemma 3.4. The function atom is not representable in the language L.

Proof. This Lemma will be proved by contradiction. Let us assume that the
function atom is representable in the language L,. That means there exists a
program Ps€ 9 (L4), (F1€Viy—) such that f, =atom. We are interested in the

result of the interpretation algorithm FS in the following two cases: FS(Ps, Fi(T))
and FiS(Ps, F1((D))).

FS(Py, F\(T)) and FS(P,, F1((T))) are well definied, because atom(T) and
atom((T)) are defined and the interpretation algorithm FS is complete.

If FS(P4, F\(T))#T, then f, # atom, and we will get a contradiction. So, let

us assume that FiS(Ps, F1(T))=T. We will show that FS(P4, F1((T)))#nil implying
Jp, # atom and we will get a contradiction once more. In the term £(7), which is

an input data of the interpretation algorithm FS, the atom 7 will be underlined.
Namely, we will consider FS(Py, F (1)) and FS(Ps, Fi((1))).

We will consider two sequences of terms fy, #1,... and ¢4, t4,... (in these
terms some subterms of order 0 will be double underlined). #=F((7)), t o:=F1((T))
and for any i > 0, t,+ and t7,; are correspondingly obtained from ¢ and ¢ in the
following way:

1.If the leftmost redex » of the term ¢ is a subterm of double underlined
subterm, then ¢7,,=t} and the term ¢, is obtained from the term #; by replacing the
redex » with its bundle. In the term #, the subterm corresponding to the double
underlined subterm, which contains the term r, is double underlined. In the term
t;+1 all terms, which are double underlined in the term ¢;, are double underlined;

2. If the leftmost redex » of the term ¢#; is not a subterm of double underlined
subterm, and if the leftmost redex r” of the term ¢} is a subterm of double
underlined subterm, then #;+,=t; and the term ¢/., is obtained from the term ¢/ by
replacing the redex 7' with its bundle. In the term ¢%; the subterm corresponding to
the double underlined subterm, which contains the term r/, is double underlined. In
the term ¢7;; all terms, which are double underlined in the term ¢/, are double
underlined;

3. If the leftmost redex r of the term ¢; and the leftmost redex »” of the term
t’; are not subterms of double underlined subterms, then the terms #;;; and ¢, are
obtained correspondingly from the terms ¢ and ¢} by replacing the redexes
rand r’ with their bundles. Let » be a fredex Ax; ... xi[n](7 ... %), where
X; € Vai, r,eN,, 1o\, a;€Types, i=1,...,k, k=1. In the bundles of redexes

the subterms, which correspond to double underlined subterms of 7, are also
double underlined. If for any i=1,...,k, £k > 1, a subterm of the term 7z; is double
underlined, then if in 7 a free occurrence of the variable x; is not in double
underlined subterm, then after substitution double underlined subterm of the term ¢
is double underlined, otherwise, it is not. Let » be a éredex. During the proof of
this Lemma the cases of Jredexes are considered separately and it is denoted,
which subterms in bundle of J&redex, are double underlined. Double underlined
subterms of the term 7 7. are obtained similarly;

4.1f t; € NF, FV(t;)N{F},....F,}#< and in the term ¢; all free occurrences of
the wvariables Fj,....,F,, stand in double wunderlined subterms, then
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t=t{n/F,...,5/F,} and t}. =t} In the term ¢, subterms corresponding to
double underlined subterms of the term are double underlined;

5.If t,eNF, FV(t)N{F,.. . F,}#D, t,eNF, FV({t)N{F,... F,}#J, and in
the term ¢} all free occurrences of the variables F,...,F, stand in double underlined
subterms, then t¢7.=t’{n/F\,...,5/F,} and t/;=t; . In the term ¢/;; subterms
corresponding to double underlined subterms of the term ¢} are double underlined;

6.1f t;e NF, FV(t;)n{F\,....F,}# and if in the term ¢; at least one of free
occurrences of the variables Fi,....F, is not in double underlined subterm, then
t=ti{n/F,...,5/F,} and tio=t{n/F\,....,5/F,}. In the terms ¢., and 7
subterms corresponding to double underlined subterms of the terms ¢ and ¢/ are
double underlined.

It is obvious that in the sequences #,,,,--- and #;,t/,--- there are no infinite

sequences t, =t =t , = or t; =t =t/,=--- (i20). For any i > 0 we will

double underlin those subterms of order 0, in the term ¢, for which corresponding
subterms in the term ¢ are L, and in the term ¢ we will double underlin those

subterms of order 0, for which corresponding subterms in the term ¢ are L. By 7
we will denote the term obtained from the term 7 by replacing all double
underlined subterms of order 0 with L.

Then there exists #>0 such that ¢,=T, because FS(P4,F1(T))=T and the term
t1 1s either congruent to the term ¢ or obtained from # by applying one of the
steps of the interpretation algorithm F'S with input data P, and ¢,

By induction it can be proved that for any 0<i<n, ;,{T = (T) =1 . So, we
get  FS(PLEV((D)=T,  FSPo,Fi(T))=(T) or  FS(Py,Fi((T))=L, so,
FS(P4,F((T)))#nil. So, we get a contradiction, which proves the Lemma.

Let wus consider  the functional ~ programming language
Li=(M,Cs, V,ACs, V), where Cs =M U (D \{if _then _else}).

Lemma 3.5. The function if then else is not representable in the
language Ls.

Proof. Let us assume that the function if' _then else is representable in the
language Ls. It follows that the function ge[M—M] will be representable in the
language Ls also, where

T, ifm=T,
g(m)=4(T), if m=nil, meM, T,nil € Atoms,

1, otherwise.

We will get a desired contradiction by proving that the function g is not
representable in the language Ls. The proof is similar to the proof of Lemma 3.1.
Here we consider the action of the interpretation algorithm FS for two cases:
FS(Ps,F1(T)) and FS(Ps,F\(nil)). By induction it can proved that for any
0<i<n, t{T = nil, nil = T} =1, . So, we get FS(Ps,F(nil))=T, FS(Ps,Fi(nil))=nil
or FS(Ps,F(nil))=1 and, so, FS(Ps,Fi(nil))#(T). So, we get a contradiction, which
proves the Lemma.

Let us consider the functional programming languages
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Li=(M,Cq, V,A(C,, V), and L, =(M,C,, V, A(C,, V),

where Cy =M U(®\{eq}). The language L¢ uses more than two atoms, the
language L% uses only two atoms.

Lemma 3.6. The function eq is representable in the language L; and is
not representable in the language L.

The function eq is representable in the language L¢, because it is the least
solution of the following equation:
F,, = Ax)lif atom(x) then(if atom(y)then (if xthen yelse(if y then nil elseT))else L)else L].

Now let us show that the function eq is not representable in the language L,
which uses more than two atoms, {a, T, nil}c Atoms.

It we assume that the function eq is representable in the language L¢ , then
the function fe[M —M] will be representable in the language L also, where

T, if m=a,
f(m)y=3a, it m=T, meM, a, T € Atoms, a=+T,nil,
1, otherwise.
To get a contradiction, let us prove that the function fis not representable in
the language L¢. The proof is similar to the proof of Lemma 3.1. Now we consider

the work of the interpretation algorithm FS for two cases: FS(Ps,Fi(a)) and
FS(Pg,F\(T)). By induction it can be proved that for any 0<i<n, t{a=T}=t,.

So, we get F'S(F,,F{(T))=T # a, the contradiction proves the Lemma.
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