
PROCEEDINGS  OF  THE  YEREVAN  STATE  UNIVERSITY         
  

 

Physical  and  Mathematical  Sciences                                                   2012,  № 2,  p. 35–41    
 
 
 

 
 

M e c h a n i c s  
 

A  LOAD  TRANSFER  FROM  AN  ELASTIC  INFINITE  STRINGER   
TO  AN  ELASTIC  SEMI-INFINITE  PLATE  

 
 

H. V. HOVHANNISYAN∗ 
 

Chair of Mechanics YSU, Armenia 
 

A contact problem for a solid isotropic homogeneous elastic semi-infinite 
plate, strengthened by a solid homogeneous infinite elastic stringer (IES), has 
been investigated under assumption that the homogeneous IES is welded (glued) 
to the semi-infinite plate parallel to its boundary and is at a finite distance from 
that boundary. The contact pair (plate–stringer) was simultaneously deformed by 
uniformly distributed horizontal tensile stresses of constant intensity acting on the 
infinity of the plate, and by a concentrated force applied to the stringer and 
directed along the axis of stringer. The problem was formulated as a singular 
integral equation with kernel consisting of singular and regular parts. Then for 
solution of this equation the generalized Fourier integral transform was used, by 
means of which this integral equation was reduced to a functional equation with 
respect to the Fourier transform of unknown function. The closed solution of the 
contact problem was constructed in an integral form. The tangential contact forces 
and normal stresses arising in the IES were determined. Asymptotic formulas 
describing the behavior of stresses both near and far from the application point of 
concentrated force were obtained. 

Keywords: plate, contact, stringer, generalized Fourier integral transform, 
singular integral equation, functional equation, singularity, asymptotic. 

 
1. Let an isotropic elastic solid sheet in the form of thin homogeneous semi-

infinite plate of constant thickness h be strengthened along ( )0y a a= >  line on its 
upper surface by hS thick and dS wide solid isotropic homogeneous infinite elastic 
stringer (IES) of sufficiently small constant rectangular cross-section. The IES is 
assumed to be parallel to the plate boundary and be at a finite distance from it. 

The aim of the present work is to determine the distribution intensity of 
tangential contact forces acting along the contact line of the IES with the elastic 
semi-infinite plate, and normal stresses arising in the IES when the contacting pair 
(plate–stringer) is deformed by uniformly distributed horizontal tensile stresses of 
constant intensity 0σ  acting on the infinity of the isotropic homogeneous elastic 
semi-infinite plate, and simultaneously by a concentrated force ( ) ( ) ,P x y aδ δ −  
applied to the homogeneous IES and directed along the stringer axis. 
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In the contact problem with respect to the IES under consideration we 
accepted a model of uniaxial strain state in combination with the model of contact 
along the line [1–7], i.e., it was assumed that the intensity of distribution of 
unknown tangential contact forces was concentrated along the midline of contact 
area, and for the elastic semi-infinite plate we accepted the model of generalized 
stress state, due to which it was deformed as a half-plane. 

Now, as to obtaining the resolving equation of the contact problem in 
question, note that in the horizontal direction the IES is deformed (stretched or 
compressed) being in a uniaxial stress state. Then, the equilibrium differential 
equation for an element of IES as written in generalized functions on the bases of 
Hooke law with due regard for the aforesaid has the following form: 

( ) ( ) ( ) 0; 1 sgn sgn
2 2

S

S S S S

du x a Ps x s ds x
dx E F E F E

σ
τ

∞

−∞

= − − − +∫
    

( x−∞ < < ∞ ), (1.1) 

and the boundary conditions and the equilibrium condition for IES are: 
( ) ( )0;

a)  ; b) .S

x

du x a
s ds P

dx E
σ

τ
∞

−∞→ ∞

= =∫                       (1.2) 

It is easy to see, that the normal stresses arising in the IES on y a=  line can be 
determined from (1.1) in the following form: 

( ) ( ) ( ) 0
1; sgn sgn

2 2
S

x
S S

EPx a s x s ds x
F F E

σ τ σ
∞

−∞

= − − − +∫
     

( x−∞ < < ∞ ).
       

(1.3) 

Here, in formulas (1.1) – (1.3) ( );Su x a are the horizontal displacements of IES on 
y a=  line; ( ) ( ); ,Sx d x aτ τ=  where ( );x aτ  are the tangential contact stresses on 
y a=  line; SE  and E  are the Young modulus of the IES and the elastic semi-

infinite plate respectively; sgn x  is the well known unit sign function; P  is the 
intensity of the concentrated force applied to the IES at ( )0;a  point; S S SF h d=  is 
the cross-sectional area of the IES. 

From the other side, when on the y a=  line are acting tangential contact 
forces with intensity ( )xτ  and at the infinity of the elastic semi-infinite plate are 
acting uniformly distributed horizontal tensile stresses of constant intensity 0 ,σ  for 
the horizontal deformation of the plate we have [2,3]: 

( ) ( ) ( ) 0
; 1 1 ( ).

du x a hlhl K s x s ds x
dx s x E

τ σ
π

∞

−∞

⎡ ⎤= + − + −∞ < < ∞⎢ ⎥−⎣ ⎦
∫

               

(1.4) 

Here the following notations are introduced: 
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     (1.5) 

where ( );u x a  are the horizontal displacements of the points of elastic semi-infinite 
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plate on y a=  line; ν is the Poisson ratio of the plate.  
Note that on the contact line of the IES and the plate the following contact 

condition must be satisfied: 

 

( ) ( ); ;
( ).Sdu x a du x a

x
dx dx

= −∞ < < ∞
                                          

(1.6) 

Now, making a comparison (1.1) and (1.4) with contact condition (1.6), we have 
the following singular integral equation with respect to unknown distribution 
intensity ( )xτ  of tangential contact forces, which is the basic unknown function of 
the contact problem under consideration with kernel consisting of singular and 
regular parts: 

( ) ( ) ( )1 1 sgn  sgn ( ),
2 2

Ps x K s x s ds x x
s x

λπ λτ
π

∞

−∞

⎡ ⎤+ − + − = − −∞ < < ∞⎢ ⎥−⎣ ⎦
∫   (1.7) 

where .
S S

hl
E F

λ =
 
Note, that when s x=  the integral with Cauchy kernel in the 

singular integral equation (1.7) is treated in the sense of its general value of 
Cauchy. 

Thus, under the assumptions made the solution of contact problem in 
question is reduced to the solution of singular integral equation (1.7) under 
condition (1.2, b) with kernel consisting of singular and regular parts. 

2. For solution of the singular integral equation (1.7) under condition (1.2, b) 
we first apply the generalized Fourier integral transform to the singular integral 
equation (1.7) and using the formula of convolution obtain after some 
transformations the following functional equation with respect to the Fourier 
transform of the distribution function of unknown tangential contact forces with 
intensity ( )xτ : 

                             ( ) ( ) ( )1 ,K Pλ σ σ τ σ λ σ⎡ ⎤+ + = −∞ < < ∞⎣ ⎦                    (2.1) 

where the function ( )1K σ  has the following form: 

                  ( ) ( )3 22 2
1 1 22 2 .aK d a d a e σσ σ σ σ −= − +                            (2.2) 

It is easy to see that the equilibrium condition (1.2, b) for IES will assume the 
form: 
                                                         ( )0 .Pτ =                                                     (2.3) 
From functional equation (2.1) we obtain for ( )τ σ  the following form: 

( ) ( ) ( )
1

.P
K

λτ σ σ
λ σ σ

= −∞ < < ∞
+ +

                             (2.4)                           

Here ( ) ( )F xτ σ τ= ⎡ ⎤⎣ ⎦  is the Fourier transform of ( )xτ  function; [ ]F ⋅  is the 
Fourier operator; σ  is the spectral parameter of Fourier transform. Here it is 
noteworthy that as ( )τ σ  function determined by (2.4) uniformly satisfies 
condition (2.3) and is even, hence, ( )xτ  is also even, as was to be expected. As 
was assumed above [3, 8] 
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For determination of the Fourier transform of ( );x x aσ  function of normal stresses 
arising in the IES, we apply the generalized Fourier integral transform to (1.3) with 
due regard for (2.4) and obtain  

( )
( )( )

( )( ) ( ) ( )1
0

1

; 2 ,S
x

S

P K Ea
EF i K

σ σ
σ σ πσ δ σ σ

σ λ σ σ

+
= + −∞ < < ∞

+ +
                

(2.6) 

where ( ) ( ); ;x xa F x aσ σ σ= ⎡ ⎤⎣ ⎦  is the Fourier transform of ( );x x aσ  function. 
Applying now the generalized Fourier integral inverse transform to (2.4) and (2.6), 
we finally obtain the unknown functions ( )xτ  and ( );x x aσ  in the form 

( ) ( )
( )0 1

cos
,

xPx d
K

σλτ σ
π λ σ σ

∞

=
+ +∫                                    (2.7) 

( ) ( )( ) ( )
( )( ) ( )1

0
0 1

sin
; .S

x
S

K x EPx a d x
F EK

σ σ σ
σ σ σ

π σ λ σ σ

∞ +
= − + −∞ < < ∞

+ +∫                (2.8) 

In the particular case, when the concentrated force is absent ( 0),P =  we obtain 

from (2.4) and (2.6), ( ) 0τ σ =  and ( ) ( )0; 2S
x

Ea
E

σ σ πσ δ σ=  ( )σ−∞ < < ∞  

respectively,

 

whence it follows that ( ) 0xτ =  and ( ) ( )0; .S
x

Ex a x
E

σ σ= −∞ < < ∞  

This particular case demonstrates that despite the fact, that the base is continuously 
deformed by stresses 0σ , there is no any load transfer from the IES to the semi-
infinite plate.  

Thus, we determined the distribution of the intensity of unknown tangential 
contact stresses along the contact line of homogeneous elastic semi-infinite plate 
with IES, that define the closed solution of the problem in an integral form, and 
unknown functions have forms (2.7) and (2.8). 

3. Now investigate the behavior of functions ( )xτ  of the intensity 
distribution of tangential contact forces and ( );x x aσ  of normal stresses arising in 
the homogeneous IES that characterize their behavior both near and far from the 
application point of concentrated force. First let us obtain asymptotic formulae for 

( )xτ  function when | | .x → ∞  This aim in view it is easy to see that in case of 
| | 0σ →  the following asymptotic formulae ensue from (2.4): 
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( ) ( )3 5 72 4 6
1 2 3 4 5 61 ,a a a a a a P Oτ σ σ σ σ σ σ σ σ⎡ ⎤= − + − + − + +⎣ ⎦    (3.1) 

where the following notations are introduced: 
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If we apply the inverse generalized Fourier integral transform to (3.1) and take into 
account that [3, 8] 

( ) ( ) ( ) ( ) ( )2 1 121 2 1
2 2

2 2
1 ; 1 ( 0,1,2,...,),nn nnn

n

n
F x F n

x
σ δ σ

π
+ +− −

+

Γ +⎡ ⎤⎡ ⎤ = − = − =⎣ ⎦ ⎣ ⎦ ⋅
  (3.3) 

where F-1[·] is the Fourier inverse operator; Г( )x  is the gamma-function; ( ) ( )n xδ  is 
the Dirac`s delta-function’s ( )xδ n -th derivative, we obtain for ( )xτ  function the 
following asymptotic representation when | |x → ∞ :  

( ) 3 51
2 4 6 8

6 120 1 .
a aa Px

x x x x
τ Ο

π
⎡ ⎤ ⎛ ⎞= − + + ⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦

                          (3.4) 

For obtaining the asymptotic formulae for ( ; )x x aσ  function in case of 
| |x → ∞ , note that when | | 0σ →  one can obtain the following asymptotic 
representation for ( );x aσ σ  function from (2.6): 

( )

( ) ( )

32
1 2 3 4

54 6
5 6 0

; sgn sgn sgn sgn

sgn sgn 2   sgn .

x
S

S

iPa a a a a
F
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E

σ σ σ σ σ σ σ σ σ

σ σ σ σ πσ δ σ Ο σ σ

⎡= − − + − +⎣

⎤+ − + +⎦

    (3.5) 

If we apply the inverse generalized integral Fourier transform to (3.5), then 
keeping in mind that [3, 8]: 
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−
+
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 ( )0,1,2,... ,n =            (3.6)  

we obtain for ( );x x aσ  function the following asymptotic formulae when | |x → ∞ : 
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( ) 3 51
03 5 7

2 24 1; .S
x
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a a Ea Px a
x F Ex x x

σ σ Ο
π

⎡ ⎤ ⎛ ⎞= − − + + + ⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦
             (3.7) 

From obtained asymptotic formulas follows, that when x → ∞  tangential 

contact stresses have an order of 2( ),xΟ −  and normal stresses have an order of 
1( ).xΟ −   
Now let us obtain asymptotic formulas for functions ( )xτ  and ( );x x aσ  

when | | 0.x →  First represent the function ( )τ σ ( ) ,σ−∞ < < ∞ determined by 
(2.4), as follows: 

( ) ( )
( ) ( )( ) ( )1

1

.
PKP

K

λ σλτ σ σ
λ σ λ σ λ σ σ

= − −∞ < < ∞
+ + + +

         (3.8) 

As the following asymptotic representation holds when σ → ∞  
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λ λ
λ σ σ

+
∞

=

⎛ ⎞
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∑                                    (3.9) 

then by applying inverse generalized Fourier integral transform to (3.8) and taking 
into account that [3, 8] 
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                  (3.10) 

we obtain the following asymptotic representation for ( )xτ function when |x|→0 
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⎛ ⎞
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   (3.11) 

where the unknown coefficients nA  ( )0,1,2,...n =  are 

( )
( ) ( )( )

2
1

0 1

n

n
K

A d
K

σ σ
σ

λ σ λ σ σ

∞

=
+ + +∫                            (3.12) 

аnd ( )xψ  is the well known psi-function, (1)  0,5772...γψ = − = −  being the Euler 
constant. It follows from asymptotic formulae (3.11) that when | | 0,x →  the 
function ( )xτ  has a logarithmic singularity due to the presence of concentrated 
force .P  To obtain asymptotic formulae for ( );x x aσ  function when | | 0,x →  (1.3) 
is represented in the following form: 

( ) ( ) 0
0

1; sgn .
2

x
S

x
S S
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F F E
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Then, taking into account (3.11), we obtain from (3.13) that in case of 0x →  

( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

0 0

2 1 2 1

1

1; 2 ln sgn
4 2

11 2 2 ln .
2 1 ! 2 2 2 2 1 !
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S S

n n
n

n
nS

x EP Px a x A x
F x F E

xxP xn A
F n x n n

π λ
σ λ σ

π λ

π λλ λ
π λ

+ +∞

=

⎡ ⎤⎛ ⎞
= ψ − + + − + +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞
+ − ⎢ ψ + + + − ⎥⎜ ⎟⎜ ⎟+ + +⎢ ⎥⎝ ⎠⎣ ⎦

∑
   (3.14) 

Note at the end that the series (3.11) and (3.14) are convergent for any 
( ).x x−∞ < < ∞   
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