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In this article we consider first order linear differential operators in the space
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operators.
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Introduction. Let Q CR,, n>2, be a bounded domain with smooth
boundary dQ € C'. We introduce the following space:

WQ) = {u e W 10(@ NG (Q): [ () [Vulo)Pdr <= |,
0

o) = i, )+ [ r00) V) P,
Q

where r(x) is the distance from a point x € Q to the boundary dQ and C,_;(Q) is the
Banach space of (n — 1)-dimensionally continuous functions.

The concept of (n — 1)-dimensional continuity was introduced by Gushchin
[1] and is as follows.

Let u be a nonnegative unit measure on R,, with support in Q, and satisfying
the following condition: there exists a constant C = C(u) such that for all » > 0
and x° € O the measure of the ball B,(x°) of centre x° and radius r is majorized by
crlie.

u(B.(x°) <cr ! forall r>0 and x°cQ (1)
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the smallest such C is called the norm of u, written ||||. The Gushchin space of
(n — 1)-dimensionally continuous functions C,_1(Q) is the completion of the space
of continuous functions on Q with respect to the norm

1/2

1
lulle, o) = sup H.UH/MZ (x)dp (x) ;
0

where the supremum is taken over all measures u satisfying (1). Functions in
Cn—1(Q) C Lr(Q) have traces on sets of positive (n— 1)-dimensional Hausdorff
measure, and the set of traces of all functions from C,_;(Q) on the smooth (n— 1)-
dimensional surface I' C Q coincides with Ly(T).

There is an equivalent definition of (n — 1)-dimensional continuity in terms of
the proximity of the values of functions on neighbouring measures.

Let 1, v be nonnegative unit measures on R,, with support in Q, satisfying

(1), and let ¢ be a measure on R;,, with support in Q x Q. We also assume that
w(G)=¢(GxR,),v(G) = ¢(R, x G) for all (Borel) sets GC Q.

A function u is said to be (n — 1)-dimensionally continuous, if for any positive
€ there exists a positive 6 such that

0xQ
(the distance between the values of u on the measures y and v along ¢ is less than
€), provided

[ lx=yldgxn <8
0xQ
(the distance between the measures p and v along ¢ is less than 8); see [1] for more
details.

Note that the space U(Q) was introduced in [1], in the paper devoted to the
investigation of Dirichlet problem for second order elliptic equation without lower
order terms. The study of Dirichlet problem for general second order elliptic equa-
tion requires, in particular, investigation of properties of the first order differential

operator
Tu = —(b, Vu) +div(cu) — du, u € U(Q),

where the coefficients b(x) = (b1 (x), ..., by(x)), é(x) = (c1(x), ..., ca(x)) and d(x)

are measurable and bounded on any strictly interior subdomain of Q.
ol
For an arbitrary u € U(Q), define a linear functional Tu acting on W, (Q) as

(Tuw) = = [ (B0, V) v() = (@0)ul). V() -
Q

—d(x)u(x)v(x))dx, v GVE)/; (0).
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The main result of the present paper is the following
Theorem. Suppose

/ B (1) di < oo, where B(r)= sup |b(x)|, 2)
0 r(x)>t
/C2 (1) dt <o, where C(t) = sup |¢(x)], (3)
0 r(x)>t
/tzD2 (1) dt < oo, where D(t) = sup |d(x)]. (4)
r(x)>t
0

o1
Then T is a bounded linear operator from U(Q) to W, (Q).

Proof. Let x" € dQ be an arbitrary boundary point of the domain Q. We
fix a local coordinate system (x’,x,) with origin at x°, and take the x,-axis along the
inward normal vector v(x°) to dQ at x°. The boundary dQ being C'-smooth, there
exists a number r,0 > 0 and a function @0 € C'(R,_1),

1
$0(0) =0, Voo (0) =0, Voo (x)| < 5 forall X €R,y,

(r0)

such that the intersection of Q with the open ball Uxorxo = {x D=9 < rxo} with

centre x” and radius r,, has the representation

QOU)EOGO) = U(OrXO) N {(x’,xn) DXy > (pxo(x’)}.

X

Hence,
20nU5 = U 0 { (¢ ) 3 = 0a) }.
Let (0 = % Choose U, )S,fx' ) ,m=1,...,p, to be a finite open refinement of the open
cover {U)ff*()),xo € 8Q} of the boundary dQ. Also let
Un = x(’;xM)v P = Ty by = bym, @y = @n, Wwherem=1,..., p.

We set h =

1( 2 2
3 ( - f) min(ry,...,rp). Then each of the “curvilinear cylinders”

N

Hf,'l"’h = {(xlyxn) : |xl| < gma(Pm(x,) <Xp < (Pm(x,)+h}’ m= 1,--.,]9,

lies in the corresponding ball U, and hence in U,, N Q.
Let £y < h be a positive number such that the complement in Q of the domain

0y, = {x €0 r(x) = dist (x,00) > eo}

is contained in the union of the “cylinders” Hf,;”’h, m=1,...,p, that s,

p
0l — {x €0 r(x) = dist (x,00) < zo} c |

m=1
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It can be easily seen that for any x = (X', x,) € Hf,’,"’h,m =1,...,p,

) 50— (@) < Lot

We fix some m, 1 < m < p, and consider a local coordinate system with origin at x™.
In what follows, we suppress the dependence of the function ¢,, on m, writing for

brevity @ = @,,.
We define the mappings £ and £_; of the space R, onto itself by

L(x> = (x’,xn - (p<x/))7 X = (X/,Xn),
L) =0"y+00"), y=0" ),

respectively. Let ot = ¢ (HE””h) be the image of 15" under £.
Given arbitrary u € U(Q) and n € Ci’(Q), we set

u(y v +00))=d(y), n0,ya+e0)) =10).
Further, consider

(Tum) =~ [ (bx), Vut)n@dx— [ @), V()dx— [ dutan(x)ds.
o Qo 0
1
First, it is readily verified that f(z) = o <t> at t — 40 for a monotonously
decreasing function f(r), r > 0, having the finite integral [ f(¢)dt < oo.
0

const

2 and

Then, using (2), we obtain B(r) <

J b0 Vut)m() xs/ 9)l|Vu() I ()] dx <

0
1/2 ) 1/2
< | [romuopar| | [T p2mar] <
0 0
5 1/2
< const ||ulfyg) 1;’2((;:
0o

2x P 2)6
METRRETS
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2

Yn 2
» (Pt 0yae)
p
+ Z <ﬂ> /dyn / 2 dy gconst/|Vn|2dx+
0 0

o ya
! <l
h [ v 2
Po(\/5 L f o
+Y <2> / dy/ (/nr(y,f)df/yn) dy, <
m=1 |y/|<gm 0 0

p
< const /\Vn[zdx—i— ) < const/]Vn(x)]zdx. (5)
0 = 0

Hence,

ﬁém h )

1/2
[ ®), Vu)n(x) dx| < const ulg | [ Vn(x)zdx) <
Q Q

o (6)

< const ||ullyg) 1N Wa(0)
2

where the constant is independent of u and 1).
Using (3), we obtain

[ @uto, yn()dx| < [ Crt)luto)vn)dx <

o o
12
< ( [Semar [ Vn<x>2dx) <
o 0
1/2
< const ( / Cz(r(x))uz(x)dx) nl.. <
W,(0)
o
1/2
)4
< comst | C(£y) / P(x)di+ Y / Clrw@d |l <
_ w
9y, milrlfn”"h ’
1/2

<

p 2 ! !
< const ||MH%2(Q) + Z / c? <)’n> i (y ,yn)dy dyn 7l o
m=1 H/m.h \/5 WZ(Q)

m
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1/2

< const HuHL +Z/C2< >dyn max /ftz()’/,)’n)dyl

0<y,<h
m=1 ¥ [<tm

1/2

P
2 ~2
< const |l o + X mas, [ @00’ |l <
| <bm

1/2
< const (Jull?, ) + 1413, )

Further, it follows by C,_1(Q) C L,(Q) that

[ @utn, vn()dx| < constlulle, gy In

0

< const [[ully(g) M

o ) 7
W;(Q) ™

where the constant is independent of « and 1.
Applying (4) and (5), we have, by analogy with the previous estimates,

/d(x)u(x x)dx </D )10 dx <
Q

) 1/2

n°(x)
< /rZ(x)Dz(r(x))uz(x)dx /rz(x) dx <
Q Q

1/2

< const /r2(x)D2(r(x))u2(x)dx Inl.. <
0
1/2
< const Dz(ﬁo)/ x)dx+ Z / D?(r(x))u®(x) dx In v?/;(Q)S

Q[O H(’mh

< const | D?(fy) max r?(x) / u?(x) dx+

xeQy, o
to

1/2

+ Z / y2D2< >ﬁ2(y',yn)dy/dyn [

[ m

ol gconst( ull? +
w0 lullZ,0)
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1/2

h
P 2
+ /2D2< >d max /ﬁ2 " yn)dy
m;lo Yn \/§Yn y"ogyngh (y yrz) Yy ||77

' |<lm

<

W2(0)
1/2

p
< const Hu||i2(Q) + Z max /y’| < (Y yn)dy’ n <
m=1

ol
0<yn<h W2 (Q)

< const||ulyg) IIn

ol ) (8)

1/2
< const (Hu”%z(g)+HuHéH(Q)) Im o

ol

W1(0)

where the constant is independent of # and 1).
Consequently, it follows from (6), (7) and (8) that for arbitrary u € U(Q) and

n ey (Q)

[(Tu,m)| < constljullyg) M

ol [}
W2 (Q)
where the constant is independent of u and 7. Since the functions 1 of Ci’(Q) form

1
[¢]
a dense subset of W, (Q), the estimate just obtained forces the operator

o—1

T:UWQ)—w, (Q)

to be bounded. O
Remark. It is clear, that condition (2) of the Theorem can be replaced by the
following:

- const
< .
|b(x)’ — rl/z(x)7 xe Q
Received 03.05.2013
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