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In the paper we consider systems of operators generated by Weil integral
and derivative, and functions generated by exponential type functions. For a
certain class of functions a generalization of Taylor—Maclaurin type formula is
obtained in a neighborhood of +co.
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Preliminaries. Let o € (0,+00), f(x) € L(0,1) (0 <[ < +o0). The function

1t

D %= ) / (t —x)*" 1 f(t)dt is called the Weil integral of order a of function
X

fx)

Leto€10,1), l—a=1/p (p > 1), f(x) € L(0,]). The function Dio/pf(x) =
= %D;“ f(x) is called the 1/p order Weil derivative of f(x).
The operators D f(x) = f(x), DX f(x), DY f(x) = DY’ (DZZ_]/ Pr (x)),

n=0,1,... are called Weil operators of successive differentiation of f(x) of order

n/p.

In [2] the following classes of function are introduced:

o C,(;o) (0 < a < 1) is the class of function f(x) possessing all successive
derivatives D" f(x) = f"(x), n=0,1,..., satisfying

sup ‘(1+x°‘m)f(")(x)}<+oo, nm=0,1,2,...;

0<x<oo

o C, (=) (0 < a < 1) is the class of functions possessing all successive Weil
derivatives D"/P f(x), n=0,1,..., that are continuous on [0, +o) and satisfy

sw‘u+ﬂm0yvuﬂ<+% nm=0,1,2,...

0<x<oo
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In [2] it is proved that these classes coincide.
oo n

Z
1.1. The Mittag—Leffler type function E, = -
P = L Fup )

entire function of order p and type 1 for any value of parameter p ([1], Ch.VI, §1).
1.2. For any u > 0, a > 0 the following formula holds:

o = 8 Ea(AL Pt g =, (A P ). (1)

,p>0 1is an

where A is a complex parameter, and the integration is taken along the line segment
connecting points 0 and z ([1], Ch. III, (1.16)).
1.3. For any a > 0, 8 > 0 the following formula holds:

I
/0 xo‘_lEp(lxl/p;OC)(l —x)’B_lEp(l*(l—x)l/p?ﬁ)dx =

B kEp(ll/p),;oH—B) —k*Ep(ll/pk*;Oc—Fﬁ)
A—Ax
where A and A* are any complex parameters ([1], Ch.III (1.21), [4]).
From (1.2), using the famous E,(z; 2/p) = l{Ep(z; 1/p)—1/T(1/p)}
formula, for the particular case @ = 3 = 1/p, we obtain
| Epaa 231/} P Ep (3 (=0 P11 ) 1) VPt =

[9HB=1(1.2)

— (Ep(AxV/P:1/p) — Ep(A"/P: 1 /p)x /P~ (A 27). (1.3

1.4. Tt is known (see [2], (2.22)) that the function é,(x;4) = e 2% is the

solution of the following Cauchy type problem: pl/P y(x)+Ay(x) =0, y(0)=1.
Hence,

(DYP 4+ 27)e2"x = (A% — )™, (1.4)

2. The Main Result. Let p > 1 (1—o =1/p), and {A;} be an arbitrary
increasing sequence of positive numbers. We consider the following systems of

operators {Lfo/p}: , {Zfo/p}:, and functions {@,(x)};, x € [0,+) :
n—1

LPr=f1Pr=1] (D;/P +)Lj) fon>1, DVPf=e ™ PF n>0, (2.1)
=0

n

-1
Qo) =M, g, (x) = Y. e M 21, ¢ = { I1 (Aj—xk)} . (22)
k=0 J=0:j#k

We note that the systems of operators {LZ/ P }w and functions {@,(x)}, were first
introduced in [3]. °
Lemma 2.1.
1° LP {0, ()} = IP {0,(x)} =0, ¥n > 0, k> n+1, x€ [0,400).  (2.3)
22 IYP {@u(x)} =1, ¥n > 0, x € [0, +0). (2.4)
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-1
n
o : Fk/p — P > <k<n-—
3°. lim L {@a(x)} jgl(z, A)p Vn>1,0<k<n—1. (2.5)
Proof. We note that according to (2.1), (2.2), by using (1.4), we will have

10_ Zg:l+l)/p {(pn(x)} = ez’np+1xL£f+1)/p = ez’f+1xzci(n)Lfo/p {e_lipx} =

—e "HXZC H Dl/P _}_2’ i Y — ¢ n+1xZC H ) 7Al'px. (26)

=0 =0

But since C (/l —A;)=0,i=0,1,...,n, then from (2.6) we will obtain
j=0

L2 VP {9u(x)} =0, n > 0.
It is obvious thatZk/p{(pn( )} = 0 when k >n+1.

n

2 I ”/P {(Pn _eﬂL xZC H )efl,.px —

Jj=0

n—1 n—1
= MG Ty = A)e ™ =G T (A= A) = 1,

J=0 j=0
n—1 -1
since C,S") = { H ()Lj—)«n)} .
3°. Let O<k<n—1
n k—1
L ()} = ¥ ’“ZC H hi)e M= HEY T (A~ e M =

i=k =0

Ohe 1= P

= T=h+ X GV TT0y— A ¥4 )
J= i=k+1 j=0

~1
k—1 n
So, we get lim L2 { ()} = " TT (A — M) :{ I1 (lj—lk)} . 0
roe =0 j=k+1
Lemma 2.2. Let

p>1 (1—a)=1/p, f(x) € C3*, &X*[f(x)| € L(0,+o0).
Then the function

o0
y@) == [ eplt—xida)e ' fe)a (2.8)
X
is the solution of the following Cauchy type problem:

iL/Py = f(x), Zgo/py‘x:er: 0, where 0 < Ap < A;. (2.9)

Proof. First note that the integral on the right-hand side of (2.8) converges
absolutely and uniformly on x € (0,+o0) according to Lemma 2.1 (see [3]). Using
the definition (2.1) of IXP(k=1), we have LYPy = A'*LYPy = f(x), implying
Lgo/py = e_)‘lp"f(x) ,ie.
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(DL/" - /10> y=eMIf(x). (2.10)

oo
Due to Lemma 2.2 (see [3]), we have y = —/ eplt —x;?l@)e_)“lptf(t)dt,

X

1
where e, (x;40) = Ep (onﬁl';p) x !

It is easy to see that the function

P Fee P
5(x) = coe M — / ep(t —x: ho)e M (), (2.11)

also solves (2.9).
Now, using Zg/p)?(x) ‘x:er: 0, we show that ¢y =0.
Indeed, by the definition of e (n=0), from (2.11) we get
S0/por N APxarn o abe [T AP
L2P5(x) = e 5(x) = ¢ — e ep(t —x;A0)e "1 f(t)dt. (2.12)
X

—+oo
Next we show that e%”‘/ ep(t—x;ﬁo)e_’llptf(t)dtHO, as x — oo
X

~+oco
Namely, e’lg"/ ep(t—x;ko)e_’llp’f(t)dt <
X
(AP _2P e —APt
<e 0))‘/ ’ep(t—x;%)e 1 f(t)|dr — 0, as x — +oo.
X
So, obviously, lim LYP§(x) = ¢y = 0. O
X—H-o0

Lemma 2.3. Let
=) P
p=1 (1—a)=1/p, f(x) € CG'7), M |f(x)] € L(0,+<0).
Then the function

—+oo o0 P
y(x) = /x ep (to — x; Ao)dro / ep(ty —to; A1 )e ™21 f (1) dny (2.13)

fo

is the solution of the following Cauchy type problem:
[XPy = f(x), I¥Py|sse=0,(k=0,1), where 0< A9 < A < L. (2.14)
e

Proof. Due to the definition of operator , we have

[YPy = Mrp2Py — M (DL/”JFM) (DL/PHO)y:f(x). (2.15)
That is
(D;/p—i—ll) (DL/p—i—).o)y:e*lf"f(x).

Now, using Lemma 3.2 (see [3]), we have

o0 oo P
y(x):/x ep(to—x;ﬁo)dto/t ep(ti —to; A1 )e M2 f(1y)dry. (2.16)



Sahakyan B. A. On a Generalized Formula of Taylor-Maclaurin Type ... 41

We note that the function
p p
F(x) = coe M +cre M

oo

Fe p
+‘/x ep(l‘o—x;).())dto / ep(t1 —lo;ﬁ,l)ei)”ltlf(ll)dh (2.17)

Jty

also solves the equation (2.14), since

(Di,/p —I—X{)> (Di,/p —I—M) {coe*%)x + c1e*klpx} =0.
We show that co = ¢; = 0. Note that
Lgo/p)?(x) =co+cre- M Ax g

p Feo too —lpl‘

+€lox/ €p(l‘0 —X;Ao)dlo/ €p(l‘1 —to;ll)e 2 lf(l‘l)dl‘l. (2.18)
X 1)

We will prove that the integral on the right-hand side of (2.18) tends to zero,

as x — oo . It is known (see [3], proof of the Lemma 3.2) that
~+oo

~+oo
elé)x/ ep (to—x;%)dIO/ ep(ti—to:la)e X" f(t)dny =
X fo

p
eAO x

= 7o {/+wep(1—x;ll)e)’frf(r)dr—/erep(r—x;zo)ekfff(f)df}'

So we obtain

+oo e
e/lé’x/ ep(to—x;ﬁo)dm/ ep(t —to;a)e M1 f(11)dny

X To

<

ef(lf 71(‘)) )x

S {/jw}ep(rx;),l)f(r)|dr+/x+w yep(rx;zo)f(r)ydr} 0,

as x — oo,
Now, using (2.18) we deduce that li&l LYP§(x) = co=0.
X—rtoo

Next, we apply the operator IYP o (2.18):
~+oo

Lio/pf)(x) = elf)x{cl (Dio/p —i-).o) e M 4 (Dio/p —i-).o) / ep (to —x; Ag)dty <
x

X /+°°ep(z1 _zo;xl)e—ﬁzpﬁf(zl)d;l} —c1(Ao— M)+ (2.19)

Io

LM (DYP 42 +me (to — x; Ao )t " f —to: A )e d
o | eplo—x )dto ep(ty —tos A)e” 2" f(ty)dHy.

fo

Note that, according to Lemma 2.2 (see [3]), we have

1/p e e e PR —n _
DIF 4+ A ep(l‘() x,).())dl‘() \ ep(t1 l‘o,ﬂ.l)e 2 f(l‘l)dl‘l =
x 0

Foo p
__ / eo(ti—xia)e M f(n)dn  (2.20)



42 Proc. of the Yerevan State Univ., Phys. and Math. Sci., 2013, Ne 3, p. 37—44.

Then, from (2.19) by using (2.20), we obtain

LLP5(x) = (Mo — M) —el‘px/mep(fl —x:A)e M0 f (). (2.21)

X

~+oo
. p P
It is easy to see that  |e* "/ ep(ti —x;A1)e L f()dn | <
X

oo
< efw%f)x/ ‘ep(zl —x;xl)e—‘z”'lf(zl)‘dtl 50 as x— foo.

So, from (2.21) we get lim LYP5(x) =c1(Ag— A1) =0, ¢; =0. O
X—>-to0
Lemma 2.4. Let ,
p>1 (1—a)=1/p, f(x) € &', P |f(x)] € L(0,+e0), n> 1.
Then the functioll

y(x) = (—1)”/X ep(tO—XQAO)dfO/+m€p(t1 —10;A1)dtp X -+ - X

Iy

. i Ay )e Mg 2.22
X ep(tn—l In-2; n—l)e In—1 ( . )

()

is the solution of the following Cauchy type problem:
LYP5(x) = f(x),  I¥Py[iye=0, k=0,1,....n—1. (2.23)

We omit the proof of Lemma 2.4 can be done in the same as for Lemmas 2.2, 2.3.

n
Lemma 2.5. Let Py(x) = Z a P (x), x € [0,+00). Then the coefficients
k=0

{ay}{ can be determined from formulae

-1
n k
lim Z/PP,(x) = L/PP,(+o) =ai+ Y ak{ [l (’1/—’11‘)} C (224)

Xtee =it =it
an = L2P P, (+0).

Proof. Let i = n. We apply the operator I2/P to the function P,(x). Then,

using the formulas (2.3), (2.4), we get
n
lim L2/PP,(x) = L/PP,(+o0) = (Jm k; acL2P {@i(x)} = an.

X—H-o0 0

Now assume 0 < i <n— 1. We apply the operator %P to the function P, (x):
LZPPH(x) =) arllP {op(x)} = ai+ Y acLLP {u(x)}. (2.25)

k=0 k=it1

But according to (2.5),
-1
k
im Li/P — N
Jim LP (g (x) {H@,m}. (2.26)

j=itl
and from (2.25) we can easily obtain that
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-1
i/p — A
x1—1>1}rlooL P,(x) =a; + Z ak{ H (A )1,,)} . O

=i+1 Jj=i+1

Let p>1 (1—a=1/p). Denote by Cp ) the set functions fx)
satisfying the following conditions:

L. f(x) € €4,
2. M L("H)/pf(x)‘ € L(0,400), n=0,1,... ;
3. lim LYP f(x) = LM/P f(+o0) < 400, n=0,1,...

X—>+oo

n
It can be easily seen that the functions f,(x) =e —Afx On(x Z C,En
k=0

n
= Z ar@x(x), n=0,1,..., belong to the class C‘;(W).
Theorem 2.1. 1f f(x) e C} **) then the following formula is true:
n
= Z ar @i (x) + Ry(x),x € [0,4e) Vn>0 (2.27)
k=0
where the coefficients {ay };, are determined from formulae

an = LYP f(+o0),

3 n k - 2.28
lim LYP f(x) = LI/P f(400) = a; + ) ak{ H (lj—li)} . 228)
xrtee k=i+1 j=i+1
Joo
Ri() = (1 [ Ky(e = s (L2 f(x)ds, (2.29)

—1
where K, (x;{2;}{) = Z{ H (lj—li)} ep(x; ).

i=0 | j=0, j;él
Proof. Denote P,(x Z ar Qi (x = f(x) — Py(x), where {ay} are

determined from (2.28). We note that Lk/pP (Fo0) = ~k/pf(+c><>) k=0,1,....n
S0, IXPRy(x) et = 0, k=0,1,...,n and L&TVPR, (x) = L4V £(x).

We note that the function R, ( ) is the solution of the followmg Cauchy type
problem: LY TVPR, (x) = EUV/P p(x), IOPR,(6)[xio =0,  k=0,1,....n
According to Lemma 2.4, we get

Ru(x) = (—1)"+1/+ ep(zo—x;ao)dzo/+ e (1 —fo3 A )dty X -+

X 1)

—+oo
x / e (tn — by 13 An)e A LR 11V,
! oo oo (2.30)
:(—1)"+1/ ep(to—x;ao)dto/ e (1 —fo3 A )dty X -
X 0]

—+oo
x / e (tn — a1 A LIV (1) dy.
(/]
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Further, in the light of Lemma 2.3 (see [3]), we obtain (2.29), where

-1

K"(X;{AJ}S)ZZ{ [1 (/lj—/li)} ep(x; i), ep(x;4i) = Ep (lix’l’;1>x}3_l.D
i=0 | j=0,ji S p

Theorem 2.1'. Letp>1(l—a= l/p),lgnln:l < +-o0. Then for

any n > 0 the following formula is true:
oo oo

e Mx = (—1)”“/ ep(to —x;/lo)dto/ ep(ty —to3 Ar)dty X -+ x

X 1o
+oo ~
X / ep(tn — ta—1; A)LEFV/P LMy ar, - (2.31)
Tn—1

Proof. We show that e €C$(N). It is obvious that Di/p{e_ipx} =
= (_1);16—1%7” =0,1,... Consequently,

sup |(14+x"(A)")e ¥ < 400, num=0,1..., ie. e Mx ¢ C':;(w).
0<x<oo
Further,
- n ~
exPngjH)/p {efm} — Mx H(Dlo/p +/1j)€—mx _
=0
n ~ ~
= H(;Lj _;L)e—(mfz,f’)x € L(0;+e), n=0,1,...
i=0
We note that
lim L2P{e} = lim e ®*)*=0,  and for n>1
X—r+oo X—ro0
~ n ~ ~
: fn/py,~APxy _ AN ,—(AP=AP)x _
A e = By TR —4)e 0?

j=0
Since f(x) = e Mrely <°°), then using Theorem 2.1, we obtain (2.31) O
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