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In the paper [1] the notion of the 〈ρ j, Wj〉 absolutely monotone function
was introduced. In the present paper we give some examples of sequences
{Wj(x)}∞

0 , consider the corresponding classes of 〈ρ j, Wj〉 absolute monotone
functions and study the problems of thei representation.
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Preliminaries. Let α ∈ (0,+∞), f (x) ∈ L(0, l), 0 < l <+∞. The function

0D−α f (x)≡ D−α f (x)≡ 1
Γ(α)

∫ x

0
(x− t)α−1 f (t)dt, x ∈ (0, l),

is called the Riemann-Liouville integral of order α of f (x) with a lower integration
limit x = 0, and the function

D−α

l f (x)≡ 1
Γ(α)

∫ l

x
(t− x)α−1 f (t)dt, x ∈ (0, l),

is called the Riemann-Liouville integral of function f (x) with upper integration limit
x = l.

Let α ∈ [0,1),1−α = 1/ρ (ρ ≥ 1), f (x) ∈ L(0, l). Then the function

D1/ρ f (x)≡ d
dx

D−α f (x)

is called the Riemann-Liouville derivative of order
1
ρ

of f (x) with the initial point

x = 0. Important properties of these operators are given in [2, 3].
One of these properties is the following: if the functions fk(x) ∈ L(0, l),

k = 1,2, are such that f1(x)D−α

l f2(x) ∈ L(0, l) for some α ∈ (0,+∞), then∫ l

0
f1(x)D−α

l f2(x)dx =
∫ l

0
f2(x)0D−α f1(x)dx. (1.1)
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In [1] the following systems of operators and functions were introduced:

A∗n f (x)≡
n

∏
j=0

D j f (x), n≥ 1,D j f (x) = D1/ρ j

{
f (x)

Wj(x)

}
, j ≥ 0; (1.2)

Ã∗n f (x) = D−αn

{
A∗n−1 f (x)

Wn(x)

}
, n≥ 0, A∗−1 f (x)≡ f ; (1.3)

U0(x) = 1, U1(x) =
1

Γ(ρ−1
1 )

∫ x

0
ξ

1/ρ1−1
1 W1(ξ1)dξ1, . . . ,

Un(x) =
1

n

∏
j=1

Γ(ρ−1
j )

∫ x

0
W1(ξ1)dξ1

∫
ξ1

0
(ξ1−ξ2)

1/ρ1−1W2(ξ2)dξ2×·· ·× (1.4)

×
∫

ξn−1

0
(ξn−1−ξn)

1/ρn−1−1
ξ

1/ρn−1
n Wn(ξn)dξn, n≥ 2;

Φ0(t,x) =
{

1, 0≤ t < x < l,
0, x≤ t < l,

(1.5)

Φ1(t,x) =


1

Γ(ρ−1
1 )

∫ x

t
(ξ1− t)

1
ρ1
−1W1(ξ1)dξ1, 0≤ t < x < l,

0, x≤ t < l,

Φn(t,x)=



1
n

∏
j=1

Γ(ρ−1
j )

∫ x

t
W1(ξ1)dξ1

∫
ξ1

t
(ξ1−ξ2)

1
ρ1−1 W2(ξ2)dξ2×·· ·×

×
∫

ξn−1

t
(ξn−1−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn, 0≤ t < x < l, (1.6)

0, x≤ t < l.

We note that for ρ j = 1, j ≥ 0, these operators and functions were introduced
in [4], and for Wj(x) ≡ 1, ρ j ≥ 1, j ≥ 0, they were introduced in [5]. In [1] the
following classes of functions were introduced:

a) Cn+1{[0, l),〈ρ j,Wj〉} is the set of functions f (x) satisfying the following
conditions:

1) the functions Ã∗k f (x), k = 0,1, . . . ,n, are continuous on [0, l);
2) the functions A∗k f (x), k = 0,1, . . . ,n+ 1, are continuous on (0, l) and

belong to class L(0, l);
b) C∞{[0, l), 〈ρ j,Wj〉} is the set of functions f (x), which are in

the Cn
{
[0, l),〈ρ j,Wj〉

}
for any n≥ 0;

c) W =
{{

Wj(x)
}∞

0 |W0(x) = 1, 0 <Wj(x) ∈C∞[0, l), W
′
j(x)≤ 0, j ≥ 0

}
.
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It is known (see [1]), that if f (x) ∈Cn+1
{
[0, l),〈ρ j,Wj〉

}
, then the following

formula is true:

f (x) =
n

∑
k=0

Ã∗k f (0)Uk(x)+
∫ x

0
Φn(t,x)A∗n f (t)dt. (1.7)

The idea of the 〈ρ j,Wj〉 absolutely monotonic function was introduced in [1] .
We denote the class of such functions by

D
{
[0, l),〈ρ j,Wj〉

}
=

=
{

f (x)/ f (x) ∈C∞{[0, l),〈ρ j,Wj〉},A∗j f (x)≥ 0,Wj(x) ∈W, j ≥ 0
}
.

Note that for ρ j = 1,Wj(x) = 1, j ≥ 0, the class D{[0, l), 〈1,1〉} is the class of
absolutely monotone functions introduced by Bernstein [6]. For ρ j = 1, j ≥ 0,{

Wj(x)
}∞

0 ∈W, the class D
{
[0, l), 〈1,Wj〉

}
is the class of generalized absolutely

monotone functions introduced in [4]. For ρ j ≥ 1, Wj(x) ≡ 1, j ≥ 0, the class
D
{
[0, l), 〈ρ j,1〉

}
is the class of absolutely monotone functions introduced in [3]. We

note that the idea of the 〈ρ〉 , 〈ρ,λ j〉 absolutely monotone functions was introduced
in [7], but the systems of operators and functions considered there were essentially
different.

Assume {Wj(x)}∞
0 ∈W satisfies the following property: for any x0, 0≤ x0 < l,

there exist x∗0, x0 < x∗0 < l and ε > 0, such that

lim
n→∞

n

∏
j=1

M j(x0,x∗0)
m j(x0,x∗0)

ε
λn = 0, (1.8)

where m j(x0,x∗0) = min
x∈[x0,x∗0]

Wj(x), M j(x0,x∗0) = max
x∈[x0,x∗0]

Wj(x), j = 1, 2, . . . ,

λn =
n

∑
j=1

1
ρ j

(obviously, λn→+∞, for n→ ∞).

In this case we will say that sequence
{

Wj(x)
}∞

0 has the property “ε”. Note
that in the case ρ j = 1, j ≥ 0, the condition (1.8) is given in [4]. Note also that in
[1, 8] no examples of {Wj(x)}∞

0 ∈ W̄ are given. In the present paper we will give such
examples, we will give a sufficient condition for {Wj(x)}∞

0 ∈ W̄ . Also we will give
the missing proofs of main lemmas and theorem of [1].

2. Auxiliary Lemmas. Let ρ j ≥ 1, ρ0 = 1, α j = 1−1/ρ j, j≥ 0, λ0 = 1,
0 < Wj(x) ∈ C∞[0, l). We consider the systems of operators and functions

{
A∗n
}∞

0 ,{
Ã∗n
}∞

0 ,
{

Un(x)
}∞

0 ,
{

Φn(t,x)
}∞

0 defined in (1.2)–(1.6). It is known that for the func-
tions Un(x), Φn(t,x), n≥ 2, the following representations are true:

Un(x) =
1

n

∏
j=1

Γ(ρ−1
j )

∫ x

0
ξ

1/ρn−1
n Wn(ξn)dξn

∫ x

ξn

(ξn−1−ξn)
1/ρn−1−1Wn−1(ξn−1)dξn−1×

×·· ·×
∫ x

ξ2

(ξ1−ξ2)
1/ρ1−1W1(ξ1)dξ1, (2.1)
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Φn(t,x)=



1
n

∏
j=1

Γ(ρ−1
j )

∫ x

t
(ξn− t)

1
ρn
−1Wn(ξn)dξn×

×
∫ x

ξn

(ξn−1−ξn)
1

ρn−1
−1Wn−1(ξn−1)dξn−1×

×·· ·×
∫ x

ξ2

(ξ1−ξ2)
1/ρ1−1W1(ξ1)dξ1, 0≤ t < x < l, (2.2)

0, x≤ t < l.
The following two lemmas can be found in [1, 7].
L e m m a 2 . 1 . For any n≥ 0 :

1◦. A∗k
{

Un(x)
}
≡ 0, k ≥ n, Ã∗k

{
Un(x)

}
≡ 0, k ≥ n+1, x ∈ [0, l); (2.3)

2◦. Ã∗n
{

Un(x)
}
≡ 1, ∀n≥ 0, x ∈ [0, l); (2.4)

3◦. Ã∗k
{

Un(x)
}∣∣∣

x=0
= 0, ∀n≥ 1, 0≤ k ≤ n−1. (2.5)

L e m m a 2 . 2 . The following relations hold:

A∗k
{

Φn(t,x)
}
≥ 0, Ã∗k

{
Φn(t,x)

}
≥ 0, k,n = 0,1, . . . , 0≤ t < x < l. (2.6)

L e m m a 2 . 3 . If W
′
n(x)≤ 0, then

d
dt
{Φn(t,x)} ≤ 0, n≥ 0.

P r o o f . Scince by definition, Φn(t,x) = 0 for x≤ t < l, we have to proof the
Lemma for t ∈ [0,x). Assume n = 1. It is easy to see that

Φ1(t,x) =
1

Γ(ρ−1
1 )

∫ x

t
(ξ1− t)1/ρ1−1W1(ξ1)dξ1 =

=
ρ1

Γ(ρ−1
1 )

(
(ξ1− t)

1
ρ1 W1(ξ1)

∣∣∣x
t
−
∫ x

t
(ξ1− t)1/ρ1W

′
1(ξ1)dξ1

)
. (2.7)

Then we obtain
d
dt

{
Φn(t,x)

}
=

ρ1

Γ(ρ−1
1 )

(
− 1

ρ1
(x−t)

1
ρ1
−1W1(x)+

1
ρ1

∫ x

t
(ξ1−t)

1
ρ1
−1W

′
1(ξ1)dξ1

)
≤ 0.

Now we apply the method of complete induction: assuming the Lemma is true
for n≥ 1, we will prove that it holds also for n+1. Note, that

Φn+1(t,x) =

∫ x

t
(ξn+1− t)

1
ρn+1
−1Wn+1(ξn+1)dξn+1 · · ·

∫ x

ξ2

(ξ1−ξ2)
1

ρ1
−1W1(ξ1)dξ1

n+1

∏
j=1

Γ(ρ−1
1 )

=
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=
ρn+1

Γ(ρ−1
n+1)

(
(ξn+1− t)

1
ρn+1 Wn+1(ξn+1)Φn(ξn+1,x)

∣∣∣x
t
−

−
∫ x

t
(ξn+1− t)

1
ρn+1

dWn+1(ξn+1)Φn(ξn+1,x)
dξn+1

dξn+1

)
= (2.8)

=− ρn+1

Γ(ρ−1
n+1)

∫ x

t
(ξn+1− t)

1
ρn+1

d
dξn+1

(Wn+1(ξn+1)Φn(ξn+1,x))dξn+1.

From (2.8) we obtain

d(Φn+1(t,x))
dt

=
1

Γ(ρ−1
n+1)

∫ x

t
(ξn+1− t)

1
ρn+1
−1
(

W
′
n+1(ξn+1)Φn(ξn+1,x)+

+Wn+1(ξn+1)
d

dξn+1
Φn(ξn+1,x)

)
dξn+1 ≤ 0. �

L e m m a 2 . 4 . The following inequality is true for any k ≥ 0, n≥ 0

Ã∗k
{

Un(x)
}

Φk(x,d)<Un(d), 0≤ x < d < l. (2.9)

P r o o f . By Lemma 2.1, Ã∗k
{

Un(x)
}
= 0, ∀n ≥ 0, k ≥ n+ 1. So we will

prove (2.9) for 0≤ k≤ n. When k = n, (2.4) implies that Ã∗k
{

Un(x)
}
= 1. But since

d
dt

{
Φn(t,x)

}
≤ 0, then from the definition of the function Φn(x,d), it is easy to see

that Φn(x,d)< Φn(0,d) =Un(d). Now let 0≤ k < n−2, then it is easy to obtain the
following formula:

Ã∗k{Un(x)}=

=
1

n

∏
j=k+1

Γ(ρ−1
j )

∫ x

0
Wk+1(ξk+1)dξk+1

∫
ξk+1

0
(ξk+1−ξk+2)

1
ρk+1
−1Wk+2(ξk+2)dξk+2×

×·· ·×
∫

ξn−1

0
(ξn−1−ξn)

1
ρn−1
−1

ξ

1
ρn
−1

n Wn(ξn)dξn. (2.10)

Consequently for k = n−2 and k = n−1 we will have

Ã∗n−2{Un(x)}=

=
1

n

∏
j=n−1

Γ(ρ−1
j )

∫ x

0
Wn−1(ξn−1)dξn−1

∫
ξn−1

0
(ξn−1−ξn)

1
ρn−1
−1

ξ

1
ρn
−1

n Wn(ξn)dξn =

=
1

n

∏
j=n−1

Γ(ρ−1
j )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)dξn

∫ x

ξn

(ξn−1−ξn)
1

ρn−1
−1Wn−1(ξn−1)dξn−1, (2.11)
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Ã∗n−1
{

Un(x)
}
=

1
Γ(ρ−1

n )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)dξn. (2.12)

Then by the formula (2.12), using the definition of the function Φn−1(x,d)

and taking into account (the property)
d
dx

{
Φn−1(x,d)

}
≤ 0, we obtain

Ã∗n−1
{

Un(x)
}

Φn−1(x,d) =
1

Γ(ρ−1
n )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)Φn−1(x,d)dξn ≤

≤ 1
Γ(ρ−1

n )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)Φn−1(ξn,d)dξn =

=
1

n

∏
j=1

Γ(ρ−1
j )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)dξn

∫ d

ξn

(ξn−1−ξn)
1

ρn−1
−1Wn−1(ξn−1)dξn−1× (2.13)

× . . .×
∫ d

ξ2

(ξ1−ξ2)
1

ρ1
−1W1(ξ1)dξ1 ≤U(d).

So, we obtain for 0≤ k ≤ n−2

Ã∗k
{

Un(x)
}

Φk(x,d) =

=
1

n

∏
j=k+1

Γ(ρ−1
j )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)dξn

∫ x

ξn

(ξn−1−ξn)
1

ρn−1
−1Wn−1(ξn−1)dξn−1×

×·· ·×
∫ x

ξk+2

(ξk+1−ξk+2)
1

ρk+1
−1Wk+1(ξk+1)dξk+1 ·Φk(x,d)< (2.14)

<
1

n

∏
j=k+1

Γ(ρ−1
j )

∫ x

0
ξ

1
ρn
−1

n Wn(ξn)dξn×

×
∫ x

ξk+2

(ξk+1−ξk+2)
1

ρk+1
−1Wk+1(ξk+1)Φk(ξk+1,d)dξk+1 <

<
1

n

∏
j=k+1

Γ(ρ−1
j )

∫ d

0
ξ

1
ρn
−1

n Wn(ξn)dξn×

×
∫ d

ξk+2

(ξk+1−ξk+2)
1

ρk+1
−1Wk+1(ξk+1)Φk(ξk+1,d)dξk+1×

× . . .×
∫ d

ξ1

(ξ1−ξ2)
1

ρ1
−1W1(ξ1)dξ1 =Un(d). �
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L e m m a 2 . 5 . For any n≥ 1,

d
dt

D−αn
x
{

Φn(t,x)
}
=−Φn−1(t,x)Wn(t), t 6= x. (2.15)

P r o o f . By definition,

D−αn
x
{

Φn(t,x)
}
=

1
Γ(αn)

∫ x

t
(τ− t)αn−1

Φn(τ,x)dτ =

=
1

αnΓ(αn)

(
Φn(τ,x)(τ− t)αn

∣∣∣x
t
−
∫ x

t
(τ− t)αn

d
dτ

{
Φn(τ,x)

}
dτ

)
= (2.16)

=− 1
αnΓ(αn)

∫ x

t
(τ− t)αn

d
dτ

{
Φn(τ,x)

}
dτ,

so,

d
dt

D−αn
x
{

Φn(t,x)
}
=

1
Γ(αn)

∫ x

t
(τ− t)αn−1 d

dτ

{
Φn(τ,x)

}
dτ. (2.17)

We note that

Φn(τ,x) =
1

n

∏
j=1

Γ(ρ−1
j )

∫ x

τ

(ξn− τ)
1

ρn
−1Wn(ξn)dξn×

×
∫ x

ξn

(ξn−1−ξn)
1

ρn−1
−1Wn−1(ξn−1)dξn−1 · · ·

∫ x

ξ2

(ξ1−ξ2)
1

ρ1
−1W1(ξ1)dξ1 =

=
ρn

Γ(ρ−1
n )

∫ x

τ

Wn(ξn)Φn−1(ξn,x)d(ξn− τ)
1

ρn = (2.18)

=

ρn
(
(ξn− τ)

1
ρn Wn(ξn)Φn−1(ξn,x)

∣∣x
τ
−
∫ x

τ

(ξn− τ)
1

ρn
d

dξn
{Wn(ξn)Φn−1(ξn,x)}dξn

)
Γ(ρ−1

n )
=

=− ρn

Γ(ρ−1
n )

∫ x

τ

(ξn− τ)
1

ρn
d

dξn

{
Wn(ξn)Φn−1(ξn,x)

}
dξn.

Than we have

d
dτ

{
Φn(τ,x)

}
=

1
Γ(ρ−1

n )

∫ x

τ

(ξn− τ)
1

ρn
−1 d

dξn

{
Wn(ξn)Φn−1(ξn,x)

}
dξn. (2.19)

Changing the order of integration, from (2.17) and (2.19), we get

d
dt

D−αn
x
{

Φn(t,x)
}
=

=
1

Γ(αn)Γ(ρ
−1
n )

∫ x

t
(τ− t)αn−1dt

∫ x

τ

(ξn− τ)
1

ρn
−1 d

dξn

{
Wn(ξn)Φn−1(ξn,x)

}
dξn =
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=
∫ x

t

d
dξn

{
Φn−1(ξn,x)Wn(ξn)

}
dξn = Φn−1(ξn,x)Wn(ξn)

∣∣∣x
t
=−Φn−1(t,x)Wn(t). �

L e m m a 2 . 6 . For any n≥ 0,

d
dt

D−αn
x
{

Φn(t,x)
}
= D−αn

x

{ d
dt

Φn(t,x)
}
, t 6= x. (2.20)

P r o o f . Since, by Lemma 2.5, (2.15) is true, it is sufficient to show that

D−αn
x

{ d
dt

Φn(t,x)
}
=−Φn−1(t,x)Wn(t).

Using the definition of the operator D−αn
x and the formula (2.19), we get

D−αn
x

{ d
dt

Φn(t,x)
}
=

=
1

Γ(αn)Γ(ρ
−1
n )

∫ x

t
(τ− t)αn−1dτ

∫ x

τ

(ξn− τ)
1

ρn
−1 d

dξn

{
Wn(ξn)Φn−1(ξn,x)

}
dξn =

=
1

Γ(αn)Γ(ρ
−1
n )

∫ x

t

d
dξn

{
Φn−1(ξn,x)Wn(ξn)

}
dξn

∫
ξn

t
(τ− t)αn−1(ξn− τ)

1
ρn
−1dτ =

=
1

Γ(αn)Γ(ρ
−1
n )

∫ x

t

d
dξn

{
Φn−1(ξn,x)Wn(ξn)

}Γ(αn)Γ(ρ
−1
n )

Γ(αn +ρ
−1
n )

dξn =

=
∫ x

t

d
dξn

{
Φn−1(ξn,x)Wn(ξn)

}
dξn = Φn−1(ξn,x)Wn(ξn)

∣∣∣x
t
=−Φn−1(t,x)Wn(t). �

In the rest of the paper we will suppose that
{

Wj(x)
}∞

0 ∈ W̄ . Two examples of
such sequences are:

a) W0(x) ≡ 1, Wj(x) = e−(λ j−λ j−1)x, λ j =
j

∑
k=1

1
ρk

, j ≥ 1, λ0 = 0, x ∈ [0, l).

It is obvious that
{

Wj(x)
}∞

0 ∈W . Clearly, the sequence
{

Wj(x)
}∞

0 satisfies (1.8), i.e.
has the property “ε”. Indeed,

n

∏
j=1

M j(x0,x∗0)
m j(x0,x

∗
0)

ε
λn =

n

∏
j=1

e−(λ j−λ j−1)x0

e−(λ j−λ j−1)x∗0
ε

λn = e(x
∗
0−x0)λnε

λn = eλn(x∗0−x0+lnε)→ 0

for λn→+∞, if x∗0− x0 + lnε < 0, 0 < ε < e−(x
∗
0−x0).

b) W0(x)≡ 1, Wj(x) = e−(λ
1
q
j −λ

1
q
j−1)x, j ≥ 1, where q is an integer (q≥ 2). It is

obvious that
{

Wj(x)
}∞

0 ∈W . To show that the sequence
{

Wj(x)
}∞

0 ∈ W̄ , we write

n

∏
j=1

M j(x0,x∗0)
m j(x0,x∗0)

ε
λn =

n

∏
j=1

e−(λ
1
q
j −λ

1
q
j−1)x0

e−(λ
1
q
j −λ

1
q
j−1)x

∗
0

ε
λn = e(x

∗
0−x0)λ

1
q

n ε
λn = e(x

∗
0−x0)λ

1
q

n +λn lnε → 0

for λn→+∞, when 0 < ε < 1. �
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L e m m a 2 . 7 . Let
{

Wj(x)
}∞

0 ∈W. If for any x0(0≤ x0 < l), there exists
x∗0(x0 < x0 < l) and C(x0,x

∗
0) such that

n

∏
j=1

Wj(x0)

Wj(x∗0)
≤C(x0,x

∗
0)λn, (2.21)

then
{

Wj(x)
}∞

0 ∈ W̄ .

P r o o f . Note that
n

∏
j=1

M j(x0,x∗0)
m j(x0,x∗0)

ε
λn =

n

∏
j=1

Wj(x0)

Wj(x∗0)
ε

λn ≤C(x0,x
∗
0)λnε

λn → 0

for λn→+∞ when 0 < ε < 1( lim
x→+∞

xε
x = 0). �

Next we show that (2.21) is not a necessary condition.

Let sup
j≥1

ρ j = ρ
∗ < +∞, W0(x) ≡ 1, Wj(x) = e−x, j ≥ 1, λn =

n

∑
j=1

1
ρ j

. Then

n
ρ∗
≤ λn ≤ n. To prove that

{
Wj(x)

}∞

0 ∈ W̄ , we calculate
n

∏
j=1

M j(x0,x∗0)
m j(x0,x∗0)

ε
λn =

n

∏
j=1

e(x
∗
0−x0)ε

λn = en(x∗0−x0)ε
λn ≤ en(x∗0−x0+

lnε

ρ∗ )→ 0

for n→+∞, if x∗0− x0 +
lnε

ρ∗
< 0, that is, if 0 < ε < e−ρ∗(x∗0−x0).

It can be easily seen that the sequence does not satisfy (2.21). In fact,
n

∏
j=1

M j(x0,x∗0)
m j(x0,x∗0)

= en(x∗0−x0), but since

en(x∗0−x0)

λn
≥ en(x∗0−x0)

n
→+∞ for n→+∞, then the condition (2.21) is not satisfied.

It would be interesting to obtain a necessary and sufficient condition for{
Wj(x)

}∞

0 ∈ W̄ . This question has no answer yet.

Received 04.12.2013
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