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In the paper [1] the notion of the (p;, W;) absolutely monotone function
was introduced. In the present paper we give some examples of sequences
{W;(x)}g, consider the corresponding classes of (p;, W;) absolute monotone
functions and study the problems of thei representation.
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Preliminaries. Let o € (0,+), f(x) € L(0,1), 0 <[ < +eo. The function

oD % f(x) =D *f(x) 1"(105) /Ox(x —0)* 1 (t)dr, x € (0,1),

is called the Riemann-Liouville integral of order a of f(x) with a lower integration
limit x = 0, and the function

l
DI (5) = Fgs [ (=0 (0. e .1),

is called the Riemann-Liouville integral of function f(x) with upper integration limit
x=1
Let ¢ €[0,1),1—a=1/p (p > 1), f(x) € L(0,]). Then the function

DY f(x) = D)

1
is called the Riemann-Liouville derivative of order — of f(x) with the initial point

x = 0. Important properties of these operators are given in [2, 3].
One of these properties is the following: if the functions fi(x) € L(0,1),
k =1,2, are such that fi(x)D; % f>(x) € L(0,{) for some a & (0,+c0), then

/ 4 (0)Dy % f3(x)dx = / (D% fi (x)dx. (1.1)
0 0
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In [1] the following systems of operators and functions were introduced:

:HDjf(x)»”Zl,Djf(x):Dl/pf{VJ‘;(();))}, i=0; (1.2)

Arfx) =D {Azlf @)

Wa (o) }, n>0, A f(x)=f; (1.3)

R AT

) = ——— [ Wi(&az, / g'(él &) WAE ) - x (14)
-1 0 0

én_l _
% /0 (gnfl - én)l/pnil_lénl/pn IWn(én)dény n>2;

I, 0<r<x<l,
q)O(t’x)_{O x<r<l

(1.5)
D (1,x) = (pl1 )/(5‘_” Wi(&dér, 0<r<x<lI,

0, x<t<lI,

H - e [Wigas [M @ - < x
o

e o 1
X/t (Enr1—&n)P1 (& —1t)Pr Wy(En)dEy, 0<t <x<I, (1.6)

0, x<t<l.

D, (t,x) =

We note that for p; = 1, j > 0, these operators and functions were introduced
in [4], and for Wj(x) =1, p; >1,j >0, they were introduced in [5]. In [1] the
following classes of functions were introduced:

a) Cut1{[0,1),(p;,W;)} is the set of functions f(x) satisfying the following
conditions:

1) the functions A} f(x), k=0, 1,...,n, are continuous on [0,/);
2) the functions A} f(x), k =0,1,...,n+ 1, are continuous on (0,/) and
belong to class L(0,/);

b) Cw {[0 ), (pj,W;)} 1is the set of functions f(x), which are in

the C,{[0,1),(p;,W;)} forany n > 0;

c)w_{{wj(x)};°|wo(x):1, 0< Wj(x) € C7[0,1), Wj(x) <0, >0}
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It is known (see [1]), that if f(x) € Cyyi { 0,1),(p;,W )}, then the following
formula is true:

= Y GO0 + [ e 0ais (e (1.7

The idea of the (p;, ) absolutely monotonic function was introduced in [1] .
We denote the class of such functions by

D{ 0 1) p]7 ]>} =
= {0/ 1) € Cod[0.0), (s Wi} AT (x) = O.Wj(x) €W, j = 0}

Note that for p; = 1,W;(x) =1, j > 0, the class D{[0,1), (1,1)} is the class of
absolutely monotone functions introduced by Bernstein [6]. For p; =1, j >0,
{Wj(x)}: € W, the class D{[0,l), (1,W;)} is the class of generalized absolutely
monotone functions introduced in [4]. For p; > 1, Wj(x) =1, j > 0, the class
D{[0,1), (pj,1)} is the class of absolutely monotone functions introduced in [3]. We
note that the idea of the (p) , (p,A;) absolutely monotone functions was introduced

in [7], but the systems of operators and functions considered there were essentially
different.

Assume {W;(x)} € W satisfies the following property: for any xo, 0 <xy </,
there exist x;j, xo < x; </ and € > 0, such that

noM- *
tim [ M50 %) 2, g, (1.8)
n—veo 17 mj(X0,Xp)

where  mj(xp,x;) = min W( ), Mj(xo,x5) = max W;(x), j=1,2,...,
XE[x0,x5] X€[x0,x5]
n

Ay = Z 1 (obviously, A, — oo, for n — ).
j=1Fi

In this case we will say that sequence {Wj(x)}:; has the property “€”. Note
that in the case p; =1, j >0, the condition (1.8) is given in [4]. Note also that in
[1, 8] no examples of {W;(x)}g € W are given. In the present paper we will give such
examples, we will give a sufficient condition for {W;(x)}§ € W. Also we will give
the missing proofs of main lemmas and theorem of [1].

2. Auxiliary Lemmas. Let p;>1,po=1,a;=1-1/p;, j>0, A=1,
0 < Wj(x) € C*[0,1). We consider the systems of operators and functions {Aj‘,}go,
{&;}5 {Un(x)}y. {@ult,x)}, defined in (1.2)~(1.6). It is known that for the func-
tions U,(x), ®,(t,x), n > 2, the following representations are true:

X 1/Pn n n n—1 7" 5%n Upnilil n— n— n—
Un) = l/é W& [ (ot =8P W (8o )

]*1

x /;(él &)W ())dE, (2.1)
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( 1
[1re; )
= .

X/<S (gnfl_gn)m_lwnfl(gnfl)dénflx

/,x(gn _t)pi”_]Wn(én)dénx

D, (t,x) =

><~--></;(§1—§2)1/p‘1W1(§1)d§1, O<t<x<l, (22)

\ 07 x<t<l.
The following two lemmas can be found in [1, 7].
Lemma 2.1. Foranyn>0:

1°. A{Uy(0)} =0, k> n, A;{U,(x)} =0, k>n+1, x € [0,1); (2.3)
2°. A {Uy(x)} =1,Vn >0, x€[0,0); (2.4)
3°.A~,’;{Un(x)}‘ =0 V=1 0<k<n—1, (2.5)

Lemma 2.2. The following relations hold:
A {@u(t,x)} >0, Af{D,(t,x)} >0, k,n=0,1,..., 0<r<x <l (2.6)
' d
Lemma 2.3. If W,(x) <0, then E{Cbn(t,x)} <0,n>0.

Proof. Scince by definition, ®,(¢,x) = 0 for x <t < [, we have to proof the
Lemma for 7 € [0,x). Assume n = 1. It is easy to see that

@ (t,x) = r(plll)/,x(ﬁl — )Pl (&) dE =

= F(gl_l) ((él —t)ﬁwl(él)’j_/tx(gl _z)l/pIW{(él)d&)- (2.7)

Then we obtain
d P1 1 1 1 [x 1 gy
— 1D, (t,x) = (——x—tpl Wx—i——/ —t) W, d )§O.
AP0} o) Pl( ) 1(x) o) (&i—1) 1(61)dG

Now we apply the method of complete induction: assuming the Lemma is true
for n > 1, we will prove that it holds also for n 4 1. Note, that

| G =07 W G ) - /;‘(51 — &) W&

q)nJrl(tvx) = n+l =

[1reh

J=1
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Z;::l) ((én—i—l _t) p"“ Wn—&-l(én—s—l)q)n(én—i-lyx)‘j_

—/tx(énﬂ—f)ﬁ de+1(én;ézin(énﬂ,x)dgnH) - (2.8)

1 [F 4
— P PG -

L(p,r) i nt1 (Wa1(Eniet) @ (En1,) )G 1

From (2.8) we obtain

d(®, X 1 x 1 /
B s [ =07 (W 0l
d
+Wn+1(§n+1)m®n(§n+1,x>)d§n+1 <0. 0

Lemma 2.4. The following inequality is true for any k > 0, n > 0
A {U, (x) } By (x,d) < Uy(d), 0<x<d<l. (2.9)

Proof. By Lemma 2.1, A{U,(x)} =0, Yn>0, k>n+ 1. So we will
prove (2.9) for 0 <k <n. When k=n, (2.4) implies that Ax {U } = 1. But since
a7 {Cbn t,x } < 0, then from the definition of the function ®,(x,d), it is easy to see

that ®,(x,d) < ®,(0,d) = U,(d). Now let 0 < k < n— 2, then it is easy to obtain the
following formula:

A {U,(x)} =
1 X i1 .
= ni/o Wk+1(§k+1)d5k+1/0 (Ekp1 — Erga) Pt Wiga (Epqa)d&pyn X
IT Te;
=kt 1
‘gn—l
><---></ (&1 -8 )Pn T &”" W, (&)dE,. (2.10)
0

Consequently for k =n—2 and k =n—1 we will have
Ap o {Un(x)} = .
n—1
Sy A SICMECRY M CRE L IO
1 re; )

Jj=n— 1
o /5 Wa(E,) dén/x(én_l—én)ﬁ‘lm_l(én_od@_l, @.11)
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Ar 1 {Un(x / EP Wa(Ea)dE,. (2.12)

Then by the formula (2.12), using the definition of the function ®,_;(x,d)

d
and taking into account (the property) P { D, (x, d)} <0, we obtain
X

Ar_{Un(x) } Pyt (x,d) = /é En)Pp—1(x,d)d&, <

W (én)q)nfl(énad)dén =

d 1
_1 / é gn d&n /n (én—l _gn)p"*l Wn—l(én—l)dén—l X (213)

9 /;@1 &) W& < U(d).

So, we obtain for 0 < k <n—2

AZ{U X }<I>kxd =

/ 5 én dén/x(én—l _én)p"l’1 71Wn—1(§n—1)d§n—lx
71 &n

j:k+1

o /x (Skr1 — §k+2>ﬁ_1Wk+l(ék+l)d§k+l Dy (x,d) < (2.14)

k+2

o e EP W) dE, x

j:k+l
x 1
X/é (vt — Er2) %1 Wt (Bt )P(Eepr, d)dEr i <
k+

o / EP W& dE, %
j= k+1

d o
X/ (Gt = Ekv2) et Wiy 1 (Gt 1) Pu (S 1,d)d g1 X

k+2

< [ (@ -8 Wiz = Uia) n
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32
Lemma 2.5. Foranyn>1,
:litD LD, (1,x)} = =Py 1 (1, X)W, (1), 1#x. (2.15)
P roof. By definition,
1 X
D;an{q)n(tax)} - (o) /, (T_t)an_lq)n(fyx)dfz
1 o |* & )
- o CHCRICE _/, (=% {@u(r,0)}dT) = (2.16)
1 x a4
:_anF(an)/z (t—1) dT{dD,,(r,x)}dr,
S0,
d 1 x o_1 d
dtD {D,(1,x)} = F(Otn)/t (t—1)* lﬁ{qbn(r,x)}dr. (2.17)

We note that

Op(1,0) =~ /:(g,,—r)p%—lwn(gn)dgnx

X/;(f;'n—l _gn)p"ll_IWn—l(gn—l)dén—l"'/;(gl —ﬁz)ﬁ_lwl(él)dé =

= s [ W) (& G ) = @19
Pn((‘:n_T)"I”Wn(gn)q)n—l(gmx)‘:_/:(‘Sn_f)pldén{W (&n)Pn l(émx)}dén)
N (pJ N -

_ P % 4
Than we have
d 1 X
%{CI)"(T,X)} :F(pnl)/r (én— dén{W én n— 1 én }dgn 2 19)
Changing the order of integration, from (2.17) and (2.19), we get
d (X
dt {fb t,x }

_()1(p_1)/tx(f_t)an_ldt/ (én T 5 {W én n— 1 gm }dgn—
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— [ T @ (GG G = @y GG = @t (W), O
Lemma 2.6. Foranyn >0,
%D;O‘"{Cbn(t,x)} :D;O‘"{%d)n(t,x)}, t#x. (2.20)

Proof. Since, by Lemma 2.5, (2.15) is true, it is sufficient to show that

D;“"{%Cbn(t,x)} =Dy (1) WD),

Using the definition of the operator D% and the formula (2.19), we get
d
D*O‘n{—cbn t }:
o { S (e,x)
X B X 1, d
= —l)/t (T_t)an ldT/T (‘Sn_f)p” lE{Wﬂ(gn)q)nfl(gmx)}dén =

X gn |

= W/t é{‘bnl(ényx)wn(gn)}dén‘/t (T_t)an_l(én—f)Pinild,r:
' —1

B Wf, Cfl@,{CDn—](én,x)Wn(g,,)}W(%)

dE, =
C(o+pah) .

X d X
- / E{q)n—l (‘Smx)Wn(gn)}dén = q)n—l (gnax)Wn(gn) , = _q)n—l (t,X)Wn(t). O
t n
In the rest of the paper we will suppose that {Wj (x) }: € W. Two examples of
such sequences are:

/o1
a) Wo(x) = 1, Wj(x) = e~ Rdihi-)x 3, = Zp—, i>1, =0, x€el0,).
k=1 Fk

It is obvious that {Wj (%) }:; € W. Clearly, the sequence {Wj (%) }:; satisfies (1.8), i.e.
has the property “£”. Indeed,

n MJ(XO’XS)(S)L"_Iﬁle*(lj*lj—l)xo

* - —(Ai— A *
i1 (%0, X5) jor e A

A

el — e(x(*)—xo)), A An(x§—xy+Ing)

ng’ —e —0

for A, — oo, if xj —x,+Ine <0,0< e < e (%)

1 1

b) Wo(x) =1, Wj(x) = e _’qufl)x, J > 1, where g is an integer (¢ > 2). Itis
obvious that {W;(x) }:; € W. To show that the sequence {W;(x) }°0° € W, we write

noar " no —(AT-A71 1 1
Mij (XO’XO) gh = H SRR M — e(x(ﬁ*xo))“"q el = e("?)*xo)/lnq +AnIng

—0
i1 m;j(x0,%5) =1

for A, — +oo, when 0 < e < 1. O
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Lemma 2.7. Let {Wj(x)}:; e W. If for any x,(0 <x,<1), there exists
x5(xg < xo <) and C(x,x) such that

= Wilx)
o < Clxg,x0) A, (2.21)
j=1 W;j(x5)
then {W‘ }:; cw.
M 1 W
Proof. Note that H M S 8 < C(xg,X5) Ang™ = 0
=1 mj(x0,x5) j=1 WJ
for A, — +c when 0<8<1(hm xe*=0). O
X—>+o0

Next we show that (2.21) is not a necessary condition.
n

1
Let supp; = p* < +oo, Wo(x) =1, Wj(x) =¢ ¥, j>1, 4, = Y, —. Then
j=1 j=1 p;

< A < n. To prove that {W;(x) }, € W, we calculate

n
p* N
n
M;(x0,%5) 2, _ [[eti0)eh = il gh < S0 EE)
1m (XOaXO) )
e Ine .. —p*(xi—x,)
for n — oo, if xO—xO+F <0, thatis, if 0 < &g <e P W),

It can be easily seen that the sequence does not satisfy (2.21). In fact,
M (XO’XS)

= ¢"0%0~%)  but since
j=1 mj(x()?xo)

en()‘f) 7)60) en(xg 7x0)

— 400 for n — 40, then the condition (2.21) is not satisfied.

n n
It would be interesting to obtain a necessary and sufficient condition for
{w;(x) }(o; € W. This question has no answer yet.

Received 04.12.2013
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