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In the paper [1]] particulary a concept of (p;, W;) absolutely monotone
function was introduced. In the present paper some representation problems of
such functions are investigated. The proofs of some fundamental lemmas and
the main theorem are given.
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1. Introduction. Preliminary information was given in the first part of this
research [2]. Here we will bring the definitions of fundamental operators and function
systems. We denote
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2. Some Lemmas.
Lemma 2.1. Let f(x) € C-{[0,1),(p;, Wj)},{W;(x)}, € W and
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where A; = Z —, m;(t,d) = min W;(x). Then for any xy (0 < xo < [) there exists
=1 Pk x€t,d]
0 > 0 such that for any x € [xo,xp + 6] we have the equality
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P roof. Using the definition of the operators A*, A*, it is easy to obtain
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Using the definition of the functlon P (xo, ), we can obtain the estimate
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Since {Wj (x) } o0 € W, the sequence {Wj } o has the property “e” [2], consequently,
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holds for any x € [xg,xo + 8].
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From the definition of the operators A*, A* it follows that A*f(x) >0 and
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From the definition of the function ®, | (x,x{;) we can get the estimation
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that the inequality (2.14) holds, whenever (2.13) is true. Since ®,(¢,x) = 0, when
n>0and x <t <[ <o, we shall prove (2.13) for 0 <t < x < [. We denote
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Suppose k = 1. Using the definition of the operator A} and the formula (2.17),
changing the integration order and taking into account the equation
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By the same argument, in the case 0 < k < n—2 we have
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Now suppose k =n— 1. Using the definition of the operator D,,_1, the formulas (2.16)
(for k =n—2) and (1.19), we obtain
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Let k = n. Then, using the definition of the operator A and the formula (2.19), we
get
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3. Main Theorem.
Theorem.If f(x ED{OZ (pj, Wj)}, where {W;}~ €W, then

= ZAkf YWi(x), x€][0,0). (3.1)
Proof. Itis known [1]], tha_t
X = Y A OUW+ [ @04 )t (32)
k=0 0

n [=5)

We note that ZA,’; f(0)Uk(x) < f(x), and consequently, the series ZA; F(0)Ux(x)
k=0 k=0

converges for any x € [0,/), moreover in each interval [0,d], 0 < d <[ < +co, the

convergence is uniformly, since Uy (x) < Ui(d), x € [0,d]. Consider the sequence
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R(x) = /0 (04 (@)
Obviously R,(x) >0, Vx€ [0,]), Ry+1(x) <R,(x), n=1,2,..., and consequently

Jlim R, (x) = R(x). We denote
n—soo

x) =Y AL f(0)Uk(x)
k=0
Note, that

— Y Af(0) Ja;{ () b +43{ /op (L)AL} (33)

k=j+1
Since A% {Ux(x)} >0, A;{/O cbn(t,x)A:;f(z)dt} >0, j,k,n=0,1,..., then

Y A f0AHU(x)} <ATf(x),  j=0,1,... (34)
k=jt1
From (3.4) it follows that the series Y A} f(0)A7{Us(x)} converges in [0,/) and,
k=j+1

moreover, it converges uniformly in each interval [0,/;] (where I, < ), since from
Lemma 2.4 [2] we have

ZAkf )AG{Uk(x) ZAkf YUi(l) < T ZAkf YUi(L), (3.5)

l

when0<x< i<l <l

It is obvious, that if

Asg(x)= Y A f(0)A{Ux)}, (3.6)
k=j+1
then
Kigx) =Y A f(0)A{U(x)}, 3.7)
k=j+1
Aj18%)

smceA*g( )= D*O‘f{ W) } Now let us prove the equality (3.6). Let j = 0 and,
jX

s0, Ajg(x) = g'(x). We denote
Y A f(0)U(x) = go (). (3.8)
k=1

Note that the terms of the series (3.8) are positive and continuous and, thus, by

0 X X
Levi theorem, we have ZA;f(O)/ U,ﬁ(t)dtz/ @o(t)dt, 0 <a<x<lI, that
k=1 a

X
is g(x) —g(a :/ @o(r)dt. Hence, we get g'(x) = Ajg(x) ZAkf

suppose that (3.6) is true for j > 0. Let prove the same equality for j+1, that is
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A5 =), Af(0)A7 {U(x)}. (3.9)
Using the definition of the operator Aj 1 and the equation (3.6), we can easily obtain

Kog@) = Y A (W)= Y A0, {U@). @10

k=j+1 k=j+2

since A;‘.ﬂ {Uj41(x)} =0. We denote
Z A;f(0) ]+1{Uk } ®ir1(x), x€[0,1).
k=j+2
Note that

Z Altf /th]-H{Uk }dt /(PJ+1

k=j+2

and, so, we get

Z Akf J+1{Uk }_ Z Akf J+1{Uk } A]+1g( )

k=j+2 k=j+2
_A]+lg / (p]+l

d -
Now it is easy to obtain d—A}ng(x) = @j+1(x), namely A} ,g(x)=

Z AL f(0 Al {Uk } Hence, the equation (3.6) is satisfied for any j > 0. It
k=j+2
is obvious that g(x) € C..{[0,1),(p;, W;) } and consequently

R(x) = f(x) — 8(x) € C{ [0.1). {py. W) .
According to (2.12) and (3.5), we have

- _ ~ ) . .
A?R(x)‘ <AGf(x)+ Ajg(x)) <Ajf(x)+ B,0l0) k;Akf(O)Uk(lz)

) : AC)
S(lz—— (Hmlez) +q)j(x’12), 0<x<bh<l (312

Transforming the estimation (2.11), we get

(lz —)C)lf J

Dj(x,lp) > m-umi(x,lz), 0<x<h<l, (3.13)
) 2F(L)T(1+A;) [ !
A;R(@’g% (U xlz) . (3.14)
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The function R(x) satisfies the conditions of Lemma 2.1. Let us show that
R(x) =0, x € [0,1). According to Lemma 2.1, there exists d such that for any
X

x€[0,8] we have lim / &, (1, x)AR(1)di = 0, that is R(x) = 0, x € [0, 8].
n—eo J
Denote x; = sup{d}, where [0,x;] is the maximal interval when R(x) = 0.

Note that A;‘-R(O) =0,j=0,1,... By Lemma 2.1 and Eq. (2.2), there exists
01 > 0 corresponding to x; such that for any x € [xj,x{;+ 61] we have

X
lim / ®,(t,x)A;R(t)dt = 0, it means that R(x) = 0 on the interval [x{,,x}+ 6;] and
n—yeo J

consequently [0,x;] is not the maximal interval when R(x) = 0.
We get a contradiction, which shows that R(x) = 0 for all x € [0,/) and, so,

£ = Y A OU),  xe0.0). 0
k=0
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