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Introduction. The article is devoted to the study of equations in free group
and to methods of description of the general solution.

Let F be a free group on the alphabet a;, a3, ..., a, of generators.

The equation with m unknowns in the free group is an equality of the form

lej; Bzxjg... kajz =1, (1)

where x; € {xi,...,x,}, & = £1, and By are words in a group alphabet a;,a;,...,a,.
The degree of equation is the maximal number of occurrence of an unknown. The
equation of first degree is called linear and the equation of the second degree is called
quadratic.
The tuple of words
X1y, Xim

in the group alphabet ay,a»,...,a, is called the solution of equation, if the equality
Blstl' BzXf;...BkX;f = 1 holds in the group F. An algorithm, identifying solvability of
every equation in free group, was suggested in [1|], while the problem of description
of the general solution stays open. There are many results devoted to the problem
of description of the general solution of the equations in free groups. In particular,
we would like to mention the following articles [2-7]. In the present article the
general solution of quadratic equation in free group will be given. Let us remind
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some notation and results from [|1]]. The free semigroup P with alphabet of generators
ai,ay,...,dy,, al’l ,ay L ,a, ! is called a double-alphabet semigroup, and an equality
of words in this semigroup is called the equality in double-alphabet. The system of
equality

-1 -1 -1 -1 -1 -1
(pi(a17a27"'7an7a1 7a2 yeeey Ay 7Z17Z27-~-7Zq711 7Z2 7"'7Zq ): (2)
-1 -1 -1 S -1
- W(alaab"'aanaal sy 5oy 32152254 452g53)] 53 ,---7Zq )a
i=1,...,p, will be called a system of equations in the double-alphabet, and a number

of occurrences of the letters from the set

1 -1

-1 - -1 -1 -1
a17a27"'7an7a1 ,Clz 7"'7an 7Z17227"'7Z(J7Z1 7Z2 7"'7Zq

is called the length of its record. The tuple of irreducible words
Z1,2,...,2,4

(that do not contain subwords like a;a; ', a; 'a;) is called a solution of the system of
equations, if we get graphical equalities after substitutions of Z; in z;.

Here we will prove Lemma [T for quadratic equations an analogue of which
was proved in [/1]].

Lemma 1. For each quadratic equation in free group we can form a finite
list of systems of quadratic equations in double-alphabet, such that the list of systems
has a solution, if and only if any one of the systems of equations has a solution.

Proof. Letthe list of words

X1, Xom

be the solution of Eq. (T)) and, consequently, the word Blngl1 Bsz‘cf...Bkaik is reduced
to empty word of group F. Every component of solution has the form

Xi= Ci,lz;'sl] . -Ci,zZ?,]Ci,lH, 3)

where i=1,...,m, § = =*1.
The words C;; can be reduced with subwords of By. The words ZJ‘?;' can be

reduced with subwords ijsk of other components of solution of Eq. (I). Let us

denote in words X; each of entry of subwords Z, by an unknown z,. Write down
the equations like (2)) obtained by equating of words formed from different entries of
words X;. It is obvious, that each solution of system of Eq. (2)) turns out to a solution
of Eq. (I)). It is easy to notice that by substituting the components of solutions

Z1,2,...,7,
in the system () instead of proper variables we get that the tuple of words

-1 -1 -1 -1 -1 —1y
(pi(a17a27"'7an7a] aaz a"'7an 7Z15Z27"'5quz] ?ZZ ""7Zq )’lzla"an7 (4)

is a solution of the Eq. (). The number of systems like (2) is limited by the meaning
of certain recursive function depends on the length of the record of Eq. (I). The
number of equations in each system is no more than number of entries of unknowns in
(T). In addition, each of the formed systems of equations in double-alphabet contains
no more than two entries of unkowns z;, i.e. that is quadratic. U
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Let’s consider the system of equations like (2]) in double-alphabet and consider
a certain of equation of this system, for instant

(pl(al,az,...,an,al_l,az_l,...,a;l,Zl,Zz,...,Zq,Zl_l,Zz_l,...,Z(;I) =

=¢1(ar, a2, amay ' ay ' a2 2,202 2 2y )

If the system of equation has a solution, then it will turn out the considered

equation, after substitution of the component of solution
Z1,2,...,2,

in the system (2) instead of unknowns.

The following cases are possible.

1. The beginnings of right and left parts of the first equation are a coefficients.
In this case this beginnings will be reduced. In result we get the system of equations
with a shorter length of recording form which is equivalent to the given system.

2. At the beginning of the left and right parts of the first equation recorded is
Zi, A. After replacing z; by Az;, or by D, where D is a subword of word A, the system
will stay quadratic, and the length of its record does not exceed the length of record
of this system.

3. At the beginning of the left and right parts of the first equation recorded is
Zi, 2. After replacing z; by z;z; or z; by z;z;, the system will stay quadratic, and the
length of its record does not exceed the length of record of this system.

Let us notice, that if the system of equations is obtained from a system like
with the help of above mentioned transformations, the solution

U,0s,...,U,
of the system will be obtained from the solution
Z1,2,...,24

of the system (2) with substitution of Z; by Uy, if i # k; and Z; by U;U; in case 3
and substitution of Z; by D in case 2.

Let us mark as }; the system of Eq. (2, and mark as },,Y5... the systems
of equations formed from (2) by the all possible transformations 1.,2.,3. The same
should be done with each of the systems and will continue this process on each of
systems. As a result of transformations 1.,2.,3., the length of record of system of
equations Y ; does not increase. The quantity of systems of equation will be limited
with the meaning of certain recursive function, which is dependent from the length
of recording ) ;.

Let us consider the graph I, the vertices of which are marked by the systems of
quadratic equations Y, Y », ¥ 3, - - -, in the dual alphabet, obtained from the system of
the Eq. (2). Take an oriented edge from the vertex }; to the vertex ), if the system
) ; is obtained from } ; by means of one of transformations of three types. Let us call
the graph I" a graph of the system.

From all above follows.

Lemma 2. The system of Eq. has the solution, if and only if in the
graph I of the system Y, there is a path, connecting the vertex }; with a vertex with
zero length of record.
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Further, let be a quadratic equation in free group F with the alphabet
ai,ay,...,a,. For this equation, according to Lemma 1, a finite list of systems of
equations in double-alphabet is constructed. From these systems are considered only
those, which graphs have a vertex marked by the system with the empty length of
record.

For each of such systems of equations in double-alphabet, its graph has an
initial vertex, marked by this system and a finite vertex, marked by a system with
zero length of record.

By the parametric word in the alphabet al,az,...,an,al’l,az’ L

—1 .
.,a,  with

the set of parameters 7,27, ... ,zq,zl_] 12y ! e ,zq_l we will call an irreducible word
in joint alphabet
-1 -1 -1 -1 -1 -1
alaa2a"'7an7a1 ,(12 ,...,Cln 7217223"'7zq7zl 7Z2 a"'azq .

We call value of a parametric word, the word obtained after substitution in
place of z; any words in the alphabet

-1, -1 —1
ar,az,...,ap, 4] 4y ,...,0, .

Now we will consider various (all possible) oriented ways in each of these
graphs, starting in initial and ending in conclusive vertices of this graph. Let us
consider all the parametric words, which can be obtained from transformation
corresponding edges of the given path. Let us call them graph-derived words.

We get the following theorem:

Theorem. The general solution of the quadratic equation in free group is
the set of values of all graph-derived words.
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