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ON ONE URYSOHN TYPE NONLINEAR INTEGRAL EQUATION
WITH NONCOMPACT OPERATOR
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In the present paper the Urysohn type nonlinear integral equation with
noncompact operator on the half-line is considered. It is assumed that the Wiener—
—Hopf—Hankel type operator is a local minorant for the initial Urysohn operator.
The existence of a positive and bounded solution is proved. The limit of
constructed solution at infinity is calculated. At the end of the work a list of
examples is given.
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§ 1. Introduction and Formulation of Theorem. In the present work the
following nonlinear integral equation

f(x)=TK(x,t,f(t))dt, xeR" =(0,+0), @)
0

is considered. Here f(x) is an unknown real measurable function, satisfying

equation (1) almost everywhere, K(x,t,7)is defined on R"xR" xR and satisfies
the following conditions: there exists a number 77 >0 , such that

a) K(x,t,7)20,  (x,0,7)e R*xR" x[0,n]=12,.

b) KT in zon interval [0,7]for each fixed (x,)e R* xR" .

¢) K(x,t,7) € Carat(£2)), i.e. function K(x,t,7) satisfies the Caratheodory
condition in zon (2, . The latter means that for each fixed 7 [0,7] the function
K (x,t,7)is measurable in (x,/)e R" xR" and for almost all (x,f)e R"xR" the

function K(x,#,7) is continuous in 7on the interval [0,7] (concerning this
condition we refer to [1]).

d) [K(x,t,mydt<n, xeR". )
0

Let K,(x) and K'(x)are given measurable functions on sets R and R"
respectively, satisfying
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e 0<K,eL/(R), K,(—x)>K,(x), xeR", 3)

o T K,(n)dr =1, v(K,)=Vv.p. T 7K, (7)d7T > —00, @)

. ;OS K*(x)<Ky(x), xeR" ,szx)iin x on RY, ©)

o m, = f x*K* (x)dx < +. (6)
0

We assume that
e) K(x,t,7) 2 A(x)(K,(x—t)— K" (x+1))7, (x,t,r) e, 7

n
where A(x) is a measurable function on R*, and besides

0<A(x) <L, AT in x, (1-A(x)x’ e L(R"), j=0,1. (®)

f) We also assume that for each measurable function ¢(x), 0<@(x)<n,

x>0, the functions K(x,t,¢(¢)) and .[K (x,t,(t))dt are measurable with respect
0

to¢t>0and x>0.
Remark 1. It is easy to check that, if K(x,¢,7) is continuous in the totality of

all arguments on set €2, then the conditions ¢) and f) are fulfilled automatically.

It should be noted, that the equation (1) has been recently investigated by the
author in [2] for the particular case A(x)=1, K*(x)=0.

In the present paper the following result is proved.

Theorem. Let the conditions a)—f) are fulfilled. Then the equation (1) has
a nonnegative and bounded solution f(x)<7, xe R", and besides

lim f(x)=17. )

X—>+00

Moreover, if inf A(x)=¢g, >0, then f(x)>0.
xeR*

§ 2. The Proof of Theorem.
Step 1. First let us consider the following homogeneous linear equation with
sum — difference kernel
+o0
S(x)= J'[Ko(x—t)—K*(x+t)]S(t)dt, x>0, (10)
0
with respect to an unknown function S(x). From results of [3] it follows that the

equation (10) has nontrivial (possessing both positive and negative values) and
bounded solution S(x). Below it will be proved that besides the solution S(x),

equation (10) has a positive non-decreasing and bounded solution S”(x) with
inf S*(x) > 0. (11

xeR*

First we show that
Ky(x—t)>K"(x+1), (x,t)eR"xR". (12)
Indeed, let x>1, then from (5) it follows that K,(x—¢)> K" (x—1) > K" (x+1).
If we assume that x <¢, then taking into account (3)—(5) we’ll have
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Ky,(x—t)>K,(t-x)>K"(t—x)> K" (x+1).
Thus, the inequality (12) is established. Now consider the following iteration:

+00

Sui ()= [ [Ky(x—1) =K' (x+1)]S,(t)dt, x>0, (13)

0

Sy(x)=c=sup S’(x)‘, n=0,1,2,...

xeR*

It is easy to check by induction that

i) S, (x)¥in n; 1,) S, (x) Tin x; i3)Sn(x)Z‘S(x),n=0,1,2... (14)

For example, let’s prove i;):for n=0 it follows from (13). Assuming

that S, (x)> ‘5’ (x)‘ for any n e N, and taking into account (12) we have

400

S0 ()2 [ [Ko(x—1)=K"(x+ t)]‘g(t)‘dt >( [ [Ky(x—1)~ K" (x+0)]S(0)dt | = ‘S(x)‘.
0 0
The statement ) is proved in the same way. Now let us consider the statement.

The monotonicity of sequences {S,(x)},_, in x is easy to check, if the

iteration (13) is rewritten in the following form
X +00
S,a(¥) = [ Ko()S, (x=0)dt — [ K*(1)S,(t—x)dt, x>0, (15)

So(x)=c, n=0,1,2...
Thus, the sequence of functions {S,(x)},_, has a pointwise limit:
lim S, (x)=S"(x)<c. (16)

Besides that, in accordance with the B. Levis theorem [4], the limit function
S"(x) satisfies equation (10). From (14) it follows that

\S(x)\ <S*(x), S* Tby x, on R*. (17)

Now prove formulae (11). As S (x)>0, S"(x) #0, then there exists
X, = 0 such that

a,=S"(x,)>0. (18)
Then taking into account (12), (17), (18), we obtain from (10)

S"(x)> T[KO (x—1)—K*(x+0)]S" (t)dt Zao(x_fo K,(r)dr — T K*(r)dr) >

X X+Xg

> a1, [ (Ko (=)= K" (1)dt)> 0.
Therefore, the formulae (11) is true.
Step II. Now we consider the following more general linear homogenous
equation:

o(x)= ﬂ(x)T[KO (x-1)-K*'(x+)]pt)dt, x>0, (19)
0
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with respect to an unknown real function ¢(x).

Now along with equation (19) we consider the following non-homogenous
integral equation

w(x)=(1-Ax)S" (x)+ /I(x)T[KO (x-0)-K'(x+0)w(@)dt,xe R". (20)
0

As it follows from [5], equation (20) has a nonnegative nontrivial solution
wo(x) e L,(R")NM(R")and besides y,(x)<S (x). It can be easily shown that

the function y,(x)= S"(x) also satisfies the equation (20). Note that
wo(x) # w,(x) as w,(x) e L(R")NM(R") and inf y, >0 .
xeR*

It is obvious that the function @(x) =y, (x)—w,(x) =0 (#0) will satisfy the
equation (19).

It is noteworthy that such an approach to the solution of equation (19) in
case when K" (x)=0 was suggested in [5].

Now we consider the following iteration:

P () = 2(x) [ [Ko(x=0) = K" (x + )], (1), 2]
0

@y (x)=supep(x), n=0,12.., x>0.

xeR*

By the analogy of Step I the following facts can be established by induction:
We.Yin g j) e Tinx jy)e.(x)2ex), n=0,12.. (22)
Therefore, there exists the limit
lim ¢, (x) = ¢"(x) < sup (), (23)

xeR*
and in addition ¢"(x) satisfies the equation (19) and ¢*(x) Tin x. By analogy with
formulae (11), it can be shown, that if inf A(x) >0, then

xeR*
B, = inf ¢*(x)>0. (24)
xeR*
Step III. At this last stage a nontrivial solution of basic equation (1) will be

constructed using formulae (24) and monotonicity of function ¢ (x) .
Let us consider the following iteration

o ()= TK(x,t,f,, @)dt, fi(x)=n,n=0,1,2..., xeR". (25)
0

From condition f) it follows that each function f,(x) is measurable.
Below we prove that
p) [ inn; p,) f,(x)> L*go*(x), n=0,1,2....xeR".
sup ¢ (x)

xeR*

First let us prove p,): in the light of the properties a) and b) we have

1) = [ Kot <n=£,(0).
0
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Assuming that f, (x) < £, (x) and taking into account (25) we obtain

Jua () < £,(x).
Now we prove the inequality p,):for n =0 it is obvious. Assume that p,)is

true for n=me N and prove it in case of n=m+1. In consequence of inequality
(7) we obtain

Fur > [ Kot —L— " e > P2 [k ()= K (x4 ) () = 22,
0 Sup@ sup @

Sup @

xeR* xeR* xeR*

Using on p,), p,)we conclude that the sequence of functions {f,(x)},_,

has a limit
lim f,(x)= f(x), xeR", (26)
satisfying
9 ¢ riy<p xe R 27)
sup @
xeR*

As f,dby n, K eCarat(£2)) and f(x)< [K(x.t,f,(t))dt, then from  B.
0

Levis theorem we get that limit function f(x) satisfies the equation (1).
If ¢, =inf A(x)>0, then from (27) immediately follows that y(x)>0. As

xeR*

@"(x) T supg’(x), then from (27) we also obtain lim f(x)=7.
xeR* X—>+0
Thus, the Theorem is proved.
8 3. Below we give some particular examples of equation (1):

e f(x)=A(x) fo[Ko(x -0)-K ' (x+0]G(f(t)dt, x>0, (28)
0

where
GeC[0,7], G(x)=x, x€[0,n7], G 0 by x on [0,7], G(n)=7. (29)

* f(x)= foR(x,f(l))[Ko(x—t)—K*(X+t)]G(f(l))dt, x>0, (30)
0

where R(x,t) is a measurable function defined on R™ x R" with
1) R(x,t) € Carat(R" x[0,n]),
2) R(x,t) Tin ¢ on [0,7] for each fixed x € R",

3) A(x) < R(x,t) < — ! _

[ Ky()dr - [ K" (2)dr

, (x,0)e R" x[0,n].

As particular examples of such G and R we can take the following
functions:

I. G(x)=x% aec(0,1),n=1, xeR".
II. G(x)=x+sinx,p=1, xeR".
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. G(x)=+xe*", n=1,xeR".

F(x)=Ax)
2

R(x,t) = (®)

b

N F(x)+ A(x)
2
where F(x)=([ Ky(t)dt - [K"(t)dt)™", and u e C[0,7], 0<u(r)<1,t€[0,7], uT
in ¢ on [0,77].
Remark 2. We note that it can be proved that the solution of equation (28) is
increasing.

I thank the referee for useful remarks.

Received 16042010

REFERENCES

[

Kufner A. and Fuchik S. Nonlinear Differential Equations. M.: Nauka, 1988, 304 p.

2. Khachatryan Kh.A. Doklady Rossiyskoy Akademii Nauk. Matematica, 2009, v. 425, Ne 2,  p.

462465 (in Russian).

Yengibaryan B.N. Izv. NAN Armenii, Matematica, 1997, v. 32, Ne 1, p. 38-48 (in Russian).

4. Kolmogorov A.N. and Fomin V.S. Elements of the Theory of Functions and Functional
Analysis. M.: Nauka, 1981, 544 p.

5. Arabadjyan L.G. Differential Equations, 1987, v. 23, Ne 9, p. 1618-1622.

w



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2010, Ne 3, p. 23-28.

Iu. U. vuswinpjuty

Ns Yndyuln oybkpwwnnpny Niphunuh whuyh dh
ns gduyhtt hunkgpuy hwjwuwpdwi dwuht

Ushuwnwiipnid hinmwgnindmud £ ny Yndyuljnn oygipwunnpny Niphuntth wnhuh ny
gébuyhtt htnnkgpu) hwjuwuwpnid Jhuwnwugph Yypu: Gupwunpdmd k, np dhubp-
Znuyd-Zwulkih owbpwwunpp Swpwnud £ npybu |niuw) dhtnpwtw Oiphunth
uljgpiwjutt oyybpwwninph hwdwp: Uwwgmgyl] £ pgpujut b vwhdwbwithuy
sttt goymipyniip: Gutdlp B jupnigqws  nsdwt wwhdwibb
wibponipniunid: Usjnwnwph Jbpenid phpdty B ophiwljubp:

X. A. XauatpsH.

OO0 oTHOM HENMHEWHOM WHTETPaIbHOM YpaBHECHUH
TUNa YPBICOHA C HEKOMITAKTHBIM OIIEPaTopoOM

B pabote uccnenyercs HelMHEHHOE MHTETPaIbHOE YpaBHEHHE THUIA Y PBICOHA C
HEKOMITAKTHBIM OIlepaTopoM Ha mnonyocd. [Ipenmonaraercs, 4Tro omepaTop
Bunepa—Xomnda—I"aHkens cIIy>KUT JJOKaT-HOWM MHHOPAHTOH JJIST HCXOIHOTO OIepa-
Topa YpbicoHa. JloKka3pIBaeTcsl CyIIECTBOBAaHHE IOJOKHUTEIHHOTO M OTpaHUYeH-
HOTO pelieHus. BrraucisieTcs: mpeen IOCTPOSHHOTO pelieHus] B 0€CKOHEYHOCTH.
B xoHI1e paboTHI TPUBEIEHBI IPUMEPHI.



